TABLE OF CONTENTS

S. BROVERMAN EXAM MLC STUDY GUIDE - VOLUME 1

LIFE CONTINGENCIES
NOTES, EXAMPLES AND PROBLEM SETS

Introductory Note

TABLE OF CONTENTS - PARTA

Section 1 - Review of Preliminary Topics

Problem Set 1 - Review of Preliminary Topics - Section 1

Section 2 - Models for Survival and Mortality

Section 3 - The Force of Mortality

Section 4 - The Life Table

Section 5 - Mean and Variance of 7, and K,

Section 6 - Parametric Survival Models

Section 7 - Fractional Age Assumptions

Section 8 - Select and Ultimate Mortality

Problem Set 2 - Survival and Mortality - Sections 2 to 8

Section 9 - One-Year Term Insurance Payable at the End of the Year of Death

Section 10 - Term and Whole Life Insurance
Payable at the End of the Year of Death

Section 11 - Pure Endowment and Other Life Insurances
Payable at the End of the Year of Death

Section 12 - Insurance Payable at the Moment of Death

Section 13 - Additional Insurance Relationships

Problem Set 3 - Life Insurance - Sections 9 to 13

Section 14 - Discrete Whole Life Annuity-Due

Section 15 - Discrete Life Annuities

Section 16 - Continuous Life Annuities

Section 17 - Additional Annuity Relationships

Problem Set 4 - Life Annuities - Sections 14 to 17

Section 18 - The Loss at Issue Random Variable and
Principles of Premium Calculation

Section 19 - Equivalence Principle Premiums

Section 20 - Policy Expenses

Problem Set 5 - Annual Premiums - Sections 18 to 20

SOA Exam MLC Study Guide © S. Broverman, 2015

1to 14
15to0 24
2510 32
33t040
41to 46
47 t0 56
57 to 62
63 to 68
69 to 76
77 t0 104
105to 110

111to 118

119to 128
129to 142
143 to 158
159 to 192
193 to 198
199 to 210
211 to 220
221 to 228
229 to 256

257 10 266
267 to 280
281 to 286
28710 318

www.sambroverman.com



TABLE OF CONTENTS

TABLE OF CONTENTS - PART B

Section 21 - Introduction to Net Reserves

Section 22 - Prospective Form of Net Reserves

Section 23 - Additional Reserve Representations

Section 24 - Reserves on Additional Policy Types

Section 25 - Expense-Augmented Reserves

Section 26 - Recursion Relationships for Reserves

Section 27 - Modified Reserves, Policy Profit

Problem Set 6 - Reserves - Sections 21 to 27

Section 28 - The Joint Life Status

Section 29 - The Last-Survivor Status and the Common Shock Model

Section 30 - Multiple Life Insurances and Annuities

Section 31 - Contingent Probabilities and Insurances

Problem Set 7 - Multiple Life - Sections 28 to 31

Section 32 - Multiple Decrement Models

Section 33 - Associated Single Decrement Tables

Section 34 - Valuation of Multiple Decrement Benefits , Asset Shares,
Non-Forfeiture Values and Policy Profit Analysis

Section 35 - Pension Mathematics

Problem Set 8 - Multiple Decrement Models - Sections 32 to 35

Section 36 - Discrete Time Markov Chains - One-Step Transitions

Section 37 - Discrete Time Markov Chains - Multi-Step Transitions

Section 38 - Continuous Time Markov Chains

Section 39 - Continuous Time Markov Chain Models

Problem Set 9 - Markov Chains -Sections 36 to 39

Section 40 - Term Structure, Yield Curves and Risk

Problem Set 10 - Variable Interest Rates - Section 40

Section 41 - Profit Testing an Insurance Policy

Section 42 - Participating Insurance and Universal Life Insurance

Problem Set 11 - Profit Testing, Participating
and Universal Life Insurance - Sections 41 and 41

ILLUSTRATIVE LIFE TABLE

www.sambroverman.com

319 to 324
32510 330
33110 340
341 to 346
347 to 356
357 to 368
369 to 380
381 to 3408
409 to 416
417 to 424
425 to 436
437 to 444
445 to 468
469 to 480
481 to 494

495 to 500
501 to 504
505 to 536
537 to 544
545 to 550
551 to 560
561 to 568
569 to 582
583 to 592
593 to 602
603 to 610
611 to 618

593 to 602

SOA Exam MLC Study Guide © S. Broverman, 2015



INTRODUCTORY NOTE

INTRODUCTORY NOTE

This study guide is designed to help in the preparation for Exam MLC of the Society of
Actuaries.

The study guide is divided into two volumes. Volume 1 consists of review notes, examples and
problem sets. Volume 2 contains 4 practice exams of 20 multiple choice questions each and
written questions with a total point value of 56 points. Volume 2 also has 15 multiple choice
tests of 20 questions each. In VVolume 1, there are close to 200 examples in the notes, over 375
multiple choice problems and almost 30 written answer problems in the problem sets. All of
these (about 1000) questions have detailed solutions. The notes are broken up into 42 sections
Each section has a suggested approximate time frame.

Many of the examples in the notes and about half of the problems in the problem sets are from
older SOA or CAS exams on the relevant topics. Some of the questions on the practice exams
are variations on actual exam questions. The SOA has posted on its website a sample question
file for Exam MLC with solutions. Many of those questions are from old exams, and there may
be some overlap in the questions found in this study guide and those found in the SOA files, but
I have attempted to limit that duplication. The SOA and CAS questions are copyrighted by the
SOA and CAS, and I gratefully acknowledge that I have been permitted to include them in this
study guide.

Because of the time constraint on the exam, a crucial aspect of exam taking is the ability to work
quickly. 1 believe that working through many problems and examples is a good way to build up
the speed at which you work. It can also be worthwhile to work through problems that have
been done before, as this helps to reinforce familiarity, understanding and confidence. Working
many problems will also help in being able to more quickly identify topic and question types. |
have attempted, wherever possible, to emphasize shortcuts and efficient and systematic ways of
setting up solutions. There are also occasional comments on interpretation of the language used
in some exam questions. While the focus of the study guide is on exam preparation, from time to
time there will be comments on underlying theory in places that | feel those comments may
provide useful insight into a topic.

It has been my intention to make this study guide self-contained and comprehensive for all Exam
MLC topics, but there are may be occasional references to the book listed in the SOA exam
catalog. While the ability to derive formulas used on the exam is usually not the focus of an
exam question, it is useful in enhancing the understanding of the material and may be helpful in
memorizing formulas. There may be an occasional reference in the review notes to a derivation,
but you are encouraged to review the official reference material for more detail on formula
derivations.

In order for the review notes in this study guide to be most effective, you should have some

background at the junior or senior college level in probability and statistics. It will be assumed
that you are reasonably familiar with differential and integral calculus.
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INTRODUCTORY NOTE

Of the various calculators that are allowed for use on the exam, | think that the
BA Il PLUS is probably the best choice. It has several memories and has good financial
functions. | think that the TI-30X IS would be the second best choice.

There is a set of tables that has been provided with the exam in past sittings. These tables consist
of a standard normal distribution probability table and a life table with insurance and annuity
values at a 6% rate of interest. The tables are available for download from the Society of
Actuaries website, but are included at the ends of both VVolumes 1 and 2 for convenience.

If you have any questions, comments, criticisms or compliments regarding this study guide, you
may contact me at the address below. | apologize in advance for any errors, typographical or
otherwise, that you might find, and it would be greatly appreciated if you would bring them to
my attention. | will be maintaining a website for errata that can be accessed from
www.sambroverman.com . It is my sincere hope that you find this study guide helpful and useful
in your preparation for the exam. | wish you the best of luck on the exam.

Samuel A. Broverman January, 2015
Department of Statistics

University of Toronto

100 St. George Street

Toronto, Ontario CANADA M5S 3G3

E-mail: sam@utstat.toronto.edu or 2brove@rogers.com

Internet: www.sambroverman.com
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MLCS SECTION 14 - DISCRETE WHOLE-LIFE ANNUITY-DUE

MLC SECTION 14 - DISCRETE WHOLE LIFE ANNUITY-DUE

The suggested time frame for covering this section is 2 hours.

A life annuity is an ongoing series of payments made while someone remains alive. A life
annuity-due is an annuity with annual payments paid at the start of each year and payable over
some period related to an individual's lifetime. In the formulations that follow, we will make use
of the compound interest annuity-due,

1—v™ 1—v™

dm|:1—|—v+'l)2—|—"'+’l}m71: 1—y - d )
where d is the annual effective rate of discount.

Whole Life Annuity-Due of 1 Per Year

We can describe the actuarial present value of a life annuity-due by considering the present value
of the "average" amount an insurer will have to pay. Suppose an insurer issues a life annuity-due
of 1 per year to ¢, individuals. Based on the expected numbers of survivors from year to year,
the amount that the insurer expects to pay can be described by the following time diagram.

Age/time x/0 r+1/1 x+2/2 r+k/k
| | | |

Insurer pays
ltoeachof ¢, lriq lyio Coike
The present value of the total expected payment by the insurer is

o0
Op + 0l + 0% pyn + o+l + o =0 g
k=0

The present value per individual annuity is

() (e + 0loy + 0 aa + o+ Vg o) = 30 0F =30 oF i,
T k=0 k=0

T

This is the actuarial present value of the whole life annuity-due, and it is denoted ..

o0
The formulation @, = > v* xp, may be referred to as the current payment form of the
k=0

annuity. This life annuity is a sum of a series of pure endowments, one for each integer year.
The Exam MLC Illustrative Life Table provides a column of whole-life annuity-due values at
integer ages.
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MLC SECTION 14 - DISCRETE WHOLE-LIFE ANNUITY-DUE

The annuity can also be considered from a stochastic point of view, with @ being the expected
value of a present value random variable. This annuity pays 1 at the start of each year as long as
(x) lives. If (x) survives K complete years and dies in the K + 1-st year, then there would be
K + 1 payments made (payments at times 0, 1, 2, ..., K).

1—pK+1 1_676(K+1)

The PVRVis Y =1+v+ 0%+ + 05 = dgy = 25— = 12

Note that Y is a discrete random variable that takes on the following possible values with
corresponding probabilities based on the listed events:

Completed No. Years until Death, K PV of annuity, Y Probability
K=1 Y = iy PK =1] = ¢
K =2 Y = i PIK =2] = ¢,
K=k Y =iy P[K = k] = y¢u

= E[dK——HH] = de_"‘” Pz Qz+k (2ggregate payment form)
k=0

o0 o0
=> v p, = xEr =1+ vp, +v%2p, +--- (current payment form).
k=0 k=0

In the following diagram, each row represents the payments made based on death occurring in a
particular year. The first row corresponds to death in the first year, K = 0, so only the payment
at age x is made, and the PV of the amount paid is ay (the first row in the table above, which
occurs with probability ¢..). The second row in the diagram corresponds to death in the second
year, K = 1, so only payments at ages = and = + 1 are made, and the PV of the amount paid is
ag (the second row of the table above, which occurs with probability ;¢,), etc. Each row
represents one possible outcome related to the PVRV Y.

PV prob. K x r+1 x+2 z+43 r+k—-—1 x4k
| | | | | |
dﬂ Qx 0 1
iy g 1 1 1
1 1 1

&3\ 2|4z 2

—_
—_
—_
—

d%‘ k—1|9x E—1 1
iprn Wee K 1 1 1 1 . 1 1
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MLCS SECTION 14 - DISCRETE WHOLE-LIFE ANNUITY-DUE

Current payment form is an expression for a life annuity APV as a sum of pure endowments, and
aggregate payment form is an expression using the basic formulation for the expected value
E[Y]. The current payment form is usually more convenient to use for calculations.

The current payment form can be derived from the aggregate payment form by using the
relationship ;q: = xPe etk = 1Pe — k41 (this results in a "summation by parts").

In general, the APV of a discrete life annuity may be formulated as the sum of a collection of
pure endowments, with each pure endowment associated with a payment amount to be made at a
specific point in time contingent on survival to that point in time.

As k gets larger, so does a7 ,andas k- oo, the limit of a5 IS G| = %.
For instance, if ¢ = .08, then d = .0741. The possible values of the PVRV Y are

ag =1, a3 =1+v=19259, d5 =2.7833 , .... The insurer will have to make at least the

first payment of 1, but under no circumstances will the present value of the amount paid by the
insurer be any more than ;) = é = 13.5.

In the notes on life insurance, it was pointed out that in order to find probabilities for an event
related to a present value random variable, it is usually most efficient to translate the event into
one involving the time until death random variable. The same is true for life annuities. This is
illustrated in the following example.

Example 59: Survival is assumed to be based on the Illustrative Life Table. Y is the present
value random variable for a whole life annuity-due of 1 per year starting at age 50. The annual
effective rate of interest is .08.

Find (a) P[Y <3] , (b) P[Y >10] , and (c) P[Y < 15].

Solution: (a) From calculations above, we see that ag) = 2.7833 and ag = 3.5771.

Y denotes the present value of the annuity payments, and therefore, P[Y < 3] is the probability
that (50) receives at most 3 payments. This occurs if (50) dies before receiving the 4th payment,
which is scheduled to be paid at age 53. Therefore,

PlY <3]=3q50 =1— ﬁ—; = .0192 (this is also equal to P[K + 1 < 3] = P[K < 2] ; note that

K = 2 corresponds to 3 payments being made).
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MLC SECTION 14 - DISCRETE WHOLE-LIFE ANNUITY-DUE

(b) We can proceed as we did in part (a) and calculate values of dx , until we see that
d7 = 9.85 < 10 < 10.12 = dgg. Therefore, P[Y" > 10] is the probability that (50) receives at
least 18 payments. Since the 18th payment is made at time 17, (50) must survive at least 17

years in order to have Y > 10. P[Y > 10] = 17p50 = % = .8046 .

= 10.Weget n =129 _ 175

1—v"
0741 Inv

Since n must be an integer, we must have that n is at least 18 as before.

Note that we can solve for n in the equation | =

=135,

IS

(c) The present value of the annuity payments can be no larger than | =
so Y mustbe < 15; therefore, P[Y < 15| = 1.

In (a) and (b), the event involving the annuity present value was translated into an event
involving the survival of (50). Note that “small" values of Y correspond to "small" values of K.
Also, note that P[K +1 < k| =4q, and P[K+1>j] =, 1p,. a

IMPORTANT NOTE: There is an algebraic relationship linking the PVRV of the discrete
whole life annuity-due and the PVRV of the whole life insurance payable at the end of the year
of death. Recall that the PVRYV for the whole life insurance of 1 payable at the end of the year of
deathis Z = o+,

Y =gy = S0 = B i, = BlY) = B[] = 5 4, =1 da,

and Var[Y] = Var[1Z] = % Var[Z] = 5 [2A, — (4,)%].

Note that if the force of interest is doubled, the relationship A, = 1 — dd, becomes

2A, =1—2d-24, ,where 2d = 2d — d? is the annual effective discount rate that results
when the force of interest is doubled. The variance of Y can be written in terms of annuity
functions:

VarlY] = 4 [24, — (4,0 = 5 [1 - (2d — d*)%d, — (1 — da,)?]

= 2l — %d,] + %4, — 7 = E[Y?] — (B[Y])?

Tz =

ISHIN

o0 o0
where %i, =Y v*p, =3 e 2F i,
k=0

Note also that E[Y?] = %[dg; — 24, + %a, .
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MLCS SECTION 14 - DISCRETE WHOLE-LIFE ANNUITY-DUE

The Exam MLC lllustrative Life Table insurance and annuity values are based on ¢ = .06.
For example for x =50, we have

VarlY] = [ — (A% = 0566 5 [2A50 — AZ)] = (0566 5[.09476 — (.24905)%] = 10.22.

Whole life annuity-due of 1 per year

. _ K+1 _
Y =14v+02+ 40K =g = 15— =17~

E[Y] = d, = > v* xp, (current payment form)
k=0

o0
= de_ﬂl Pz 9z+% (2ggregate payment form)
k=0

VarlY] = %Va’r[Z] = %[21493 —(4,)7]

The current payment representation is most convenient when considering a life annuity
with payments that are varying. Suppose a life annuity-due issued to () has payment cy
atage x + k, if alive. The actuarial present value in current payment form is

o0
co+ c1vpy + cov? opy + - =D ek V7 kD -
k=0
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MLC SECTION 14 - DISCRETE WHOLE-LIFE ANNUITY-DUE

MLC SECTION 14 - EXERCISES

1. Suppose the survival model is Sy(t) = 100 for0 <t <100, and i = .08.

Find dgy , 2dgy and Var[Y], where Y is the PVRV for a whole life annuity-due of 1 issued to
(90).

2. Y isthe PVRV for a whole life annuity-due of 1 per year issued to (50). Use the Exam MLC
llustrative Life Table at 6% to find the probability P[Y > 5] .

MLC SECTION 14 - SOLUTIONS TO EXERCISES

100-90—-k __ 10—k
100-90 — 10

ago—zv kpgo—zv (10 by = (110)(10+9v+8v2+---+v9)

1. This is a DeMoivre model so that ppgy =

10—aqg) g

= <%><Da>m| o8 = (1) (2% = (35) (0G50 = 4.4

Zv L D90 = zv%(lo BY = (£)[10 + 90% + 8(1?)2 + -+ + ()]

1 . 1\, 10-"2ag 1\,10—4.720
= (m)( Da)m.os = (m)(wdlzm) = (ﬁ)(w) = 3.70.

VCLT‘[Y] = %[dgo — 2&90] + 2&90 — CLSO =3.97, or

Qa— aTy
VarlY] = A — A%] = (57)*[ 55° — (79)°] = 3.97.

2. From the table we have 5, = 13.2668. We solve the following equation for &:

gy = 2 = 13.2668; k = 0320084 _ 938 Therefore, P[Y > 13.2668)

is equal to the probability that (50) receives at least 24 payments. This is the probability that
(50) survives at least 23 years (the 24th payment is at age 50 + 23 = 73). Thus,
P[Y > iso] = P[Y > 13.2668] = 3ps0 = /= = .661.
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MLC - PROBLEM SET 4

MLC - PROBLEM SET 4

PROBLEM SET 4 -MULTIPLE CHOICE PROBLEMS

1. If @5 = 12.76 when i = .06, and a5y = 7.72 when i = .1226 , what is the variance
(nearest $1,000) of the present value random variable for a continuous life annuity of $100 per
year issued to (50) at ¢ = .06?

A) 100,000 B) 102,000 C) 104,000 D) 106,000 E) 108,000

2. If sy = 13.267, d79 = 8.569 and 5030 = 45.655 , then o0 E5g =
A) 23 B) .24 C) .25 D) .26 E) .27

3. A discrete 20 year temporary life annuity-due of $20,000 per year is issued to (60) . The
annual effective interest rate is 4% and mortality is on the basis of the MLC Illustrative Table.
What is the probability that the present value random variable (of the annuity-due) is greater than
$150,000 ?

A) .82 B) .83 C) 84 D) .85 E) .86

4. A special continuous life annuity issued to (50) is designed so that the payments continue
until 10 years after the death of (50) . If 6 = .08 and mortality follows the pattern ., = .04
for all =, what is the net single premium?

A) 10.0 B) 10.2 C) 104 D) 10.6 E) 10.8

2
following is the correct ranking regarding their sizes (assuming i > 0)?
A)R<SS<T B)RLST<LS C)S<RLZT D)T<RLS E)T<KSLKR

5. For the three quantities R = (1d),.7, S = (D), and T = (”—H> + G| » Which of the

6. For a certain survival distribution, it is found that if 6 = .10, then @, = 1%01 for x > 10.
Find H50-
A) .33 B) .36 C) .39 D) .42 E) .45
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MLC - PROBLEM SET 4

7. 1 agyqp = 22.0112 and 8,5 = 93.2535 , then the value of 3, 55, is nearest
A) 89.00 B) 89.15 C) 89.30 D) 89.45 E) 89.60

8. Given i = .08, s\® =1.03616, 4, = 10.6123 and %d, = 5.8922, whatis Var(Z],

where Z is the present value random variable for a whole life insurance benefit of 1 payable at
the end of the month of (z)'s death? Assume UDD in each year of age.
A) .10 B) .11 C) .12 D) .13 E) .14

9. Which of the following expressions is equal to 1?
itm

A) i) G A By i (1 Il gy () - L) A
D) i - (4l — L)+ (1+52)- Al E) NoneofA,B,CorD

10. You are given:
(i) A, and @, are based on force of interest § and force of mortality j¢,..,.
(i) 1_4;, and @', are based on force of interest & + 6 and force of mortality 11, ;.

T

(i) 21;; and a” are based on force of interest ¢ and force of mortality k& + 1, 4.

Determine A" — 4,.
A) ka, B)A -4, C)A +kA, D) (k—6a,+éa, E)bs@,—al)

11. T is the random variable for future lifetime of (). Determine Cov[az, v ].

=2 97 . . . 9 7—2
A) A4 By A2, ©0 D),- A  E) A

12. For (z) you are given:

(i) pose = % for t>0 (ii) 6 =0.03
Calculate the probability that @7, will exceed 20.

A) 045 B) 055 C) 067 D) 074 E)0.82
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MLC - PROBLEM SET 4

13. You are given: (i) Var[aT|] = 19@ (i) ppy =k forallt (iii) 6 = 4k
Calculate %.

A) 005 B) .010 C).015 D).020 E) .025

14. You are given:
(i) pree=p for t >0 (ii) force of interest is 6

Which of the following is a correct expression for @ 1, ?

1—e~ (19 dx:ﬂ—’_ar:ﬂ 1—e—(ut6)
e e L\ v

A) None B) I only C) Il only D) Il only E) IV only

Ay 7] Agi7)

15. Y is the present value random variable for a continuous life annuity of 1 on (z).
You are given:

() pore = p (i) @, =5 (iii) *a, =4

Calculate Var(Y).

A) 15 B) 25 C) 35 D) 45 E) 55

16. For a 10-year deferred life annuity-due of 1 per year on (60), you are given:

(i) So(t) =1- 75 for0<¢ <100 (i) i=0

Calculate the probability that the sum of the payments made under the annuity will exceed the
actuarial present value, at issue, of the annuity.

A) 0475 B) 0500 C) 0525 D) 0550 E) 0.575

17. You are given:

(1) a, = 8 for all integral x (i) + =0.08

Calculate ggs3p.

A) 0.263 B) 0.364 C) 0.537 D) 0.636 E) 0.737

SOA Exam MLC Study Guide © S. Broverman, 2015 www.sambroverman.com
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MLC - PROBLEM SET 4

18. Youare given k dr k—1/9x
1 1.00 0.33
2 1.93 0.24
3 2.80 0.16
4 3.62 0.11

Calculate i,g.
A) 1.6 B)18 C)20 D)22 E) 2.4

19. Consider the following present value random variables, where K is the curtate future

iz O0<K<n
lifetime of (z): YV =gy for K >0 , Z= { dK,H\ P
’ 7 =

You are given (i) ¢« = .06 (i) A, = .20755 (iii) ap=y) = 6
Calculate E[Y]— E[Z].
A4 B5 C6 D)7 E)S8

20. Y is the present value random variable for a 30-year temporary life annuity of 1 payable at
the beginning of each year while (x) survives. You are given:
(i) :=0.05 (i) 30p: = 0.7 (iii) QA}% = 0.0694 (iv) A;__ =0.1443

| 2:30|
Calculate E[Y?].
A) 356 B) 471 C) 2064 D) 2180 E) 2336

21. You are given:
(1) 10E30 =035 (i) agp5 =5.6 (i) i =0.10
Calculate A ; .

30:10|

A) 005 B) 010 C) 015 D) 020 E) 0.25
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22. You are given:
(1) 10E; =040 (i) 1pa0 =7 (ill) 5,95 =15
Calculate d,.

A) 120 B)125 C)129 D) 130 E) 134

MLC - PROBLEM SET 4

23. Which of the following expression is equivalent to ia,. + (1 +14) A5 — 17

A0 B i, Ci D ,E EI

24. You are given:

(i) 1000A,57 =563  (ii) 10004, = 129 (i) d = 0.057 (iv) 1000, E, = 543

Calculate ,a,.

A) 707 B)734 C)761 D)778 E) 7.9

25. T, is the random variable for future lifetime of (x). You are given:

() frosy = 0.04, t>0 (i) 6 =0.06

(a) Find % nEy (b) Find @,  (c) Find the standard deviation of @7,

(d) Find 2 @,

26. Which of the following is true, regardless of the assumption about deaths within each year of

age?

LA, =tA, Wa,=a,5+ 6, Na, =15

A) None B) I only C) Il only D) Il only

(

(
You are given: (i) u, = .04 forall x (i) 6 = .06.

Calculate % (I 7@ )

T,

~l o~
e <

27. (Ia), isequalto E(Y) where Y = {

A) ne*.ln B) 1067.171 C) _ef.ln D) 67.171,

SOA Exam MLC Study Guide © S. Broverman, 2015

i, - =2 VA, =1-6a,

E) IV only

0<T, <n

)
Jap +n(w@r=) To=>n

E) 10
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MLC - PROBLEM SET 4

28. Which of the following identities are correct?
lonjde =ap —a,5=5 W 1+a,;= = (1+i)agm . Apm = vapm — a
A) | B) I, 1 O L D) I, 1 E) LI I

xin—1|

29. A company has just assumed responsibility for paying pensions to a group of 100 people
who have just turned 65. The pension will pay each of them $25,000 annually, payable
continuously while they are alive. Assume that all the lives are independent, and that the same
mortality table applies to all of them. In addition, you are given:

(i) 6 =0.06 (ii) 2Ag; = 0.2

(iii) The actuarial present value of the portfolio of 100 pensions is $30,000,000.

Calculate the standard deviation of the total present value of the payments for those 100
pensions.

A) Less than $1,000,000 B) At least $1,000,000 but less than $1,250,000

C) At least $1,250,000 but less than $1,500,000

D) At least $1,500,000 but less than $1,750,000 E) At least $1,750,000

30. Ia and Ia represent the standard increasing annuities. A person aged 20 buys a special five-
year temporary life annuity-due, with payments of 1, 3, 5, 7, and 9.

Given:
i) (Id)y7 = 8.05 V) (1a)y = 7.17

Calculate the net single premium.

A) Less than 18.0 B) At least 18.0, but less than 18.5

C) At least 18.5, but less than 19.0 D) At least 19.0, but less than 19.5
E) Atleast 19.5
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31. A 10-year certain and whole life annuity of amount $10,000, payable continuously, is issued
to (65). The force of mortality is constant at .01, and the force of interest is constantat .1 . Let Y
be the random variable representing the present value of the benefits paid. Which of the
following graphs correctly shows the cumulative probability distribution function, Fy (y) , for
the random variable?

A)

C)

E)

Fy(y)
i
5100, PAR v
Fy(w)
1
.@95 .
536,788 v
Fy(y)
i
.@95
u
$63.212
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B)

D)

Fy(¥)
1
"5100.008 v
563,212
Fy()

1

.@95
' tipa.@@@ v

563,212
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32. Given: v =10.95 , 10D25 = 0.87 , 'Ci25:ﬁ‘ = 9.868 , d35:5| =4.392

Find A, .
25:10]
A) Less than .16 B) At least .16, but less than .32
C) At least .32, but less than .48 D) At least .48, but less than .64

E) At least .64

33. You are given the following:
The probability that a newborn lives to be 25 is 70%.
The probability that a newborn lives to be 35 is 50%.
The following annuities-due each have actuarial present value equal to 60,000:
a life annuity-due of 7,500 on (25)
a life annuity-due of 12,300 on (35)
a life annuity-due of 9,400 on (25) that makes at most 10 payments
What is the interest rate?
A) 8.0% B) 8.1% C) 8.2% D) 8.3% E) 8.4%

34. A special 30 year annuity-due on a person age 30 pays 10 for the first 10 years, 20 for the
next 10 years, and 30 for the last 10 years. You are given:
w0l =m , dpm =u o, Ay =V, ) =W
Which of the following represents the actuarial present value of this annuity?
A) 20v 4+ 10w(1 — m) B) 10u + 20v 4+ 10w C) 10u + 20v + 10mw
D) — 10u + 20v + 10mw E) — 20u + 20v + 10w

35. "Actuary Today", the magazine, offers 1-year subscriptions for $25, payable at the start of
the year. Given a renewal rate of 90% per year, what is the actuarial present value of a new
subscriber? (Assume a discount factor of 0.95).

A) Less than $150 B) At least $150, but less than $160

C) At least $160, but less than $170 D) At least $170, but less than $180

E) $180 or more
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36. A 60-year-old lottery winner has the choice of receiving (i) a single lump sum payment of
P, in 10 years if she is still alive or (ii) a 20-year life annuity-due of P, per year beginning
today. Given:

» The payouts in (i) and (ii) are actuarially equivalent.

o d=6%

« A | =0.4188
60:10)|

« 24 | =0.2339
60:10]|

o Ago = 0.4417
o 2Agyan = 0.2312
Calculate the difference in the variances of the payouts in (i) and (ii).
A) 0.04P}  B) 0.12P} C) 0.20P} D) 0.33P?  E) 0.41P}

37. You are given:
. The force of mortality, 1, is constant.
. The force of interest, 6, is constant.
Which of the following represents the probability that ar will exceed @, for a life age x?
A) [/ (6 + ] B) [/ (8 + )] ** C)Y[6/(8 4 )] *H
D) [6/(8 + )"/ E)1/(6+ p)

38. The distribution of Jack’s future lifetime is a two-point mixture:

(i) With probability 0.60, Jack’s future lifetime follows the Illustrative Life Table, with deaths
uniformly distributed over each year of age.

(if) With probability 0.40, Jack’s future lifetime follows a constant force of mortality ;» = 0.02.
(iii) A fully continuous whole life insurance of 1000 is issued on Jack at age 62.

Calculate the APV for a continuous whole life annuity of 1 per year for Jack if i = .06.

39. The force of mortality is constant at ;. and the force interest is constant at 6 and you are
given that @, = 12.5. Use the Woolhouse approximation to 3 terms to find al'?.

A) Less than 12.20 B) At least 12.20 but less than 12.40

C) At least 12.40 but less than 12.60 D) At least 12.60 but less than 12.80

E) At least 12.80
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40. For a group of individuals all of age z, of which 30% are smokers and 70% are non-
smokers, you are given:

(i) 6 =0.10 (i) A = 0.444 (i) AT = 0,286
(iv) T, is the future lifetime of (z)
(v) Var[@imoke] = 8.818 (Vi) Var[ghon-smoker] — 8 503

T
Calculate Var[a

T1¢|
T‘] for an individual chosen at random from this group.
A) 85 B) 8.6 C) 838 D) 9.0 E) 9.1

41. You are given:

(i) pose =c,t>0 (ii) 6 = .08 (iii) A, = .3443
(iv) T is the future lifetime random variable for (z).

Calculate Var(ar).

A)12 B)14 C)16 D)18 E)20

42. For athree-year temporary life annuity due of 100 on (75), you are given:
(i) [ymdt=0.01z"*, 2 >0 (ii) i =0.11

Calculate the actuarial present value of this annuity.

A) 264 B) 266 C) 268 D) 270 E) 272

43. For a special fully discrete, 30-year deferred, annual life annuity-due of 200 on (30), you are
given:

(i) The net single premium is refunded without interest at the end of the year of death

if death occurs during the deferral period.

(i1) Mortality follows the Illustrative Life Table (i) 7 =0.06

Calculate the net single premium for this annuity.

A) 350 B) 360 C)370 D) 380 E) 390

238  www.sambroverman.com SOA Exam MLC Study Guide © S. Broverman, 2015



MLC - PROBLEM SET 4

44. For a special 30-year deferred annual whole life annuity-due of 1 on (35):

(1) If death occurs during the deferral period, then C'% net single premium is refunded without
interest at the end of the year of death.

(i) &5 =9.90

(iii)  Agg =0.21

(iv) Al __=0.07

35:30]
(v)  The net single premium for this special deferred annuity is 1.4.
Calculate C.

A) Less than 10 B) At least 10 but less than 12 C) At least 12 but less than 14
D) At least 14 but less than 16 E) At least 16

45. You are given the following for every integer age x:
Assuming UDD over each year of age, calculate @y

A)60 B)61 C)62 D)63 E)64

46. An insurance company has agreed to make payments to a worker age x who was injured at
work.

(i) The payments are 150,000 per year, paid annually, starting immediately and continuing for
the remainder of the worker’s life.

(if) After the first 500,000 is paid by the insurance company, the remainder will be paid by a

reinsurance company.

C[(7), 0<t<55
(i) pe = {0, 55 < ¢

(iv) ¢=0.05

Calculate the actuarial present value of the payments to be made by the reinsurer.

A) Less than 50,000 B) At least 50,000, but less than 100,000

C) At least 100,000, but less than 150,000 D) At least 150,000, but less than 200,000
E) At least 200,000
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47. For a whole life annuity-due of 1 on (x), payable annually:

(i) ¢, = 0.01
(i) g1 =0.05
(iii) i = 0.05

(iv) 4,41 =6.951

Calculate the change in the actuarial present value of this annuity-due if p,., 1 is increased
by 0.03.

A) 0.16 B) 0.17 C) 0.18 D) 0.19 E) 0.20

PROBLEM SET 4 - WRITTEN ANSWER PROBLEMS

1. Z; is the present value random variable for a 10-year deferred continuous life-annuity of
$10,000 per year issued to (40). Z, is the present value random variable for a 25-year
continuous certain and whole life annuity issued to (40).

(a) (2 points) Show that the variance of Z; is the same as that of Z,. Formulate (but do not
calculate) the covariance between Z; and Z,.

(b) (2 points) Suppose that the force of interest is 6 = .05, and the force of mortality is constant
at .01 for all ages. Calculate E'[Z;] and E[Z,].

(c) (4 points) With 6 = .05 and 49+ = .01 for ¢t > 0, formulate algebraically and sketch the
graph of the distribution function of Z;, ( Fz,(y) = P(Z1 <vy) .

(d) (1 point) Describe in words the difference between the graph of Fz, and F, .

2. Z is the present value random variable for a 20-year deferred life annuity-due of 1 per year
issued to (40). Survival follows the model S(t) =1 — ﬁ , t > 0 (survival from birth).

Interest is at annual effective rate 4%.

(a) (3 points) Calculate E[Z], the net single premium for this annuity.

(b) (2 points) Formulate the random variable Z in terms of K , the curtate future lifetime of the
annuitant,

(c) (3) Calculate the median of Z.

240  www.sambroverman.com SOA Exam MLC Study Guide © S. Broverman, 2015



MLC - PROBLEM SET 4

3. For a group of individuals all of age x, of which 30% are smokers and 70% are non-smokers,
you are given:

(i) 6 =0.10 (i) pSmeker = 02 fort > 0 (iii) pnorsmoker — 01 for ¢ > 0

(iv) T, is the future lifetime of (z)

An individual is chosen at random from this group. Y denotes the present value random variable
of the total payment made to the individual.

(a) (2 points) Calculate E[Y] for this individual.

(b) (2 points) Calculate V ar[Y] for this individual.

() (2 points) Calculate P[Y < 5.0]
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LIFE CONTINGENCIES - PROBLEM SET 4 SOLUTIONS

MULTIPLE CHOICE

— 1— T50 Varlv 750 2745 — 1_45 2
1Y =75 = "8 L varly] = Y2 - An ()l

But2As5) = 1 — (26) - @50 = .10031
and Asg =1—6- a5 = .25647 » Var[Y] = 10.17 » Var[100Y] = 101,700. Answer: B.

_ _ _ _ . asp o
2. @50 = 5,30 1 201050 = o0 + 20850 - aro = S E= = Szpap + an

as( _ 'Ci50—1 _ 12.267 _ 23

= 20850 = S T S tn—1 . D5.655+47509 — 25- Answer: A.

1_UKGU+1

3. P[20,000 55y > 150,000] = Pligepy > 7.5] = P| =45 > 7.5)
= PRl < 712) = P[(Kg + 1) In(v) < In .712]

= P[Kg > 7.7 = P[K > 8] = spgo = ggi = g?égéii — .857. Answer: E.

4. SBP = E|ary) = E[5T| + vl g | = @0 + Aso - Gyg. But ¢pso = €7
- Ty = [T 8. e704 gt = 45 = 8.3333 - Asp=1—6-a5 = .3333, and

ap = 20 = 12¢% _ 668834 » SBP = 10.63. Answer D.

5. Since all three series have the same total paid (i.e., n x "T“ ), the sooner the payments are
made, the larger the present value of the series. The decreasing annuity has the largest payments
first and thus has the largest present value, and the increasing annuity has the smallest payments
first, and has the smallest present value. Thus, R < T < S. Answer: B.

6. ik Gx = [ + 61T —1 — p, = [1+di59r]’%—5:[1_<x1+0?2]/[9}3(i

= pe=2 - -6 — psp=51—g —.10=.390. Answer: C.
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1 . _ g
7. 89139 = S9000) — ok BUL Gaoidn) = o) — L+ 4020 = a0L20 - Sgp0 — 1 + 4020

+1
D — 24414 — g5 = 93.2535 — = 89.16. Answer: B.

S90:10 71

1
= 40l = 24414

8. Var[z) =2AM" — (41?2,

Under UDD AY'? = —f - A, = st - (1 — d - tiy) = .22163.
2.

2AVY = oo - 2A, where % = (141)2 — 1 = 21+ 4% = .1664,

212 = 12 [(1 4 £2)2 — 1] = 15942, since (12 = L = 077208,
1|

and 2A, = 1 — 2d - 2y = .15942, since 2d = 4 = .14266.
Thus, 2A0"% = 17123 and then Var[Z] = .17123 — (,22163)% = .122. Answer: C.

(1+ l) A;n)l +Z( " (a% - %) = 1. Answer: D.

10. Z”—Z :1_6622_(1_5@):5(5 — )

al = [[Ce - dt,and
t
tPy = expl — fo [y ysds] = exp[ — fo (k + py45) ds]
t _ _
= exp[ — kt — fo s ds] =e M exp| — fo ogrs d sl=e B tDz-
Then @’} becomes
_// _ fo //dt 00 —6t - Pa dt = fO —(k+o)t -t Pe dt =

Therefore, Al A4, = 6( ,—any=96(a,—al,). Answer: E

l?

= Cov| 176UT , vl = %1 Cov[vT | vT] = %1 Var[v!]

12. PIT > t] = p, = e " = exp| — (7522)1).

‘ In(0.4)
Plagg; > 20] = P[5 > 20] = Ple %7 < 4] = P[T > 240
_ In(.4 _
= exp| — (l,f}'(?j‘)*)( 203))] = e % = 45 Answer: A
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13. Varlag| = %[ — (A,)?]. The force of mortality is constant, so we have
A, = Lé and 24, = £

u+26
D S S SN U ) IR S k . E_\2
Then Varlar] = & - [1555 — (055)71 = me - ey — sl
_L,[l_(ly]_L,ﬁ_@
— 16k2 " l9 5/ 17 16k2 225 — "9 -
Solving for & results in &£ = .02. Answer: D
_ 1 1 _ . 1 _(6+n —e=(6+n)
a3 = fye " ipedt = boemrtdt = [ e OtWlgt = (w
a‘xﬂ =1 , aa::ﬂ =vp, =€ =6, e h=c¢ (5""}/4), — lna$:T| =6+ L

111 is correct. Answer: D

15. Var[Y] = %[QA — (A,)?]. Since the force of mortality is a constant y for all ages,
and 24, = L

we have A, =

u+6 u+26
Also, @, = M— =5 and 2@, = ﬁ —4,sothat p+6=.2, u+ 26 =.25.
Using the two equatlons we can solve for p and 6; M =.15, 6 = .05.
Then, A, = u+6 15'_1505 — .75 and 24, = /H% 14?1 — .6 , so that
VarlY] = 5 24, — (4,)%) = W -6 — (.75)%] = 15.

Note that it is also possible to formulate V ar[Y'] directly in terms of annuities:

VarlY] = 2(a, — %a,) — (@,)* = 3(5—4) — (5)> = £ — 25. We still must find § by solving
the two equations in 1 and 6 that were given above, p+6 =.2 , u+ 26 = .25.
VarlY] = = 5 —25 =+ —25=15. Answer: A
i (e 2 100-60—k 1
16. The APV is 10460 :kizlo V" kD60 :kgom = E(?)O +29+ .-+ 1)
_ 1 (3031 _
=153~ — 11.625.

P[sum of payments exceeds 11.625] = P[at least 12 payments].

The 12th payment is made at age 81 (1st payment is at age 70), so that

Plat least 12 payments] = P[survival to at least age 81] = 21 pgo = % = .475.
Answer: A

17. a4y =14 vpydy1 > 8 =1+ fﬁ - py - (8) = py, = .945 (for any integral y).
Then, 8P30 = P30 * P31 P37 = (945)8 = .636 = gq3p = .364. Answer: B
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18. The information is given in a form which appears to be more convenient for the application
of the aggregate payment formulation of the annuity:

3
o) = 2 ) - e + Ug) - aPe = O7) - qo + Uy - 11qe + Uz) - 2Qe + Uy~ 31Ge + Ug) - aDs
§=0
= (1)(.33) + (1.93)(.24) + (2.80)(.16) + (3.62)(.11) + (3.62) - 4ps.

n—1 3
We use the relationship > jiq. = nq. S0 that > g, = ¢ + 111G + 910 + 3¢ = -84 = 44a.
7=0 7=0

Then 4p, = .16 and
Uyq) = (1)(.33) + (1.93)(.24) + (2.80)(.16) + (3.62)(.11) 4 (3.62) - (.16) = 2.22.
Answer: D

19. Y is the PVRV for a whole life annuity-due of 1 per year, so that
. 1-A, . 1-A, _ 1-.20755 _
ElY] =i, = —* = i/(1+i) — .06/1.06 — 14.

Z is the PVRV for an n-year temporary life annuity-due of 1 per year, so that
E[Z] = ltigm =1+ @y = 1+6=7.
Then, ElY]|-E[Z]=14-T7=T. Answer: D

20. Var[Y] = E[Y?] — (E[Y])? » E[Y?] = Var[Y] + (E[Y])%
For an n-year temporary annuity due of 1 per year, Var[Y] = %[QAW — (Apm)?]
Therefore, Var[Y] = 5[*A,5 — (A,.3))°]-

d=15=.047619, A,z =A; . +A 1 =.1443 +v" 5op, = .3063.

‘ 2:30)
2A, 5 = QA%%' +24 5 0694 + 1% 30p, = .1069,
> Varly] = W[.m(w — (.3063)2] = 5.768 .
=430 1-.3063
ElY] = a5 a = odrery — 1457

ElY? =Var[Y]+ (E[Y])? = 5.77 + (14.57)> = 218.  Answer: D

21. Ag(l)m = Agpqo) — 10E30 = 1 — diigo.q5 — 10E30 = 1 — d(1 4 agy9) — 10E30 = .05.

Answer: A
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22. 1910 = 10E; - azt10
- 10\'% =10, - lgr10 = 10E : (1 + apq10) = 10E, + 1000 = 4+ T=T74
=ty = lyq5 + 10)82 = 10Es - 8,19 + 1082 = (4)(15) + 7.4 = 13.4. Answer: E

=1 lgp — i+ i nBp+1+0— 10 dpy —1=1-,E,. Answer: B

24. n|Gz = nEy - Gon = By - (al-i-n - 1) = By - (H?TH—N - 1)'

M| M| M|
Then A, = Ay + 4B, - Avey =120 = 02+ (543) A = Apy = 2007
Finally, ,ja, = B, - (502 — 1) = (543)(1207 _ 1) = 7.07. Answer: A
25(&) WE = e—5n —pn — o= An ‘_ nE _ 8671 e—n — _ 1e—In.
O) T = Jy' v/ apedt = [ e v d =
- 1127 1 .04 .04
(© V(I?“[(Iﬂ] = ﬁ[QAJEI A7 NES lz[ 25/1# (5_/;#)2] (.06)2 7 [Tg 16 <_1)2] =25

so standard deviation is 5.

o _ o 1— —.1n
(d) oz Q3@ = or .61 =

26. 1and Ill require UDD. Ilis false (a corrected version of Il is @, =@ ,.3 + vp,@s+1).
IV is always true. Answer: E

27. (Ig@), = (@) pm + 1 - pa, = fonte_‘s‘t e dt+ne Dy T -
Since the force of mortality is constant at ., we have ,p, = e ™, and @,., = ﬁ .

Then, (Tna), = [)'te"OtMidt 4+ ne 01 . L

o+p
d 7 d _ o 1
- %(Ima)a = %U‘O te (64-p)t dt + ne n(6+p) | m]
= —(6+p)n —n(6+pu) . 1 () o n(6tp) 1 i
= ne +e St+u ne =e _5+u = 10e .

d o« .
We have used the calculus rule = [* f(t)dt = f(x). ~ Answer: B
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28. | Gy = 1|0z = Qg — Tt True.

. 1+ a,;=7 = Gem) # (1 +1)a,5. False

I11. szﬁ| =1- daxm =1- (1 — U)axm = 'U.C.Lx:m — (axm — 1) = U.d’l‘:ﬁ| —a True.

rn—1|

Answer: C

29. The variance of an annuity with annual payment of 1 is 6%[2?165 — AL

We are given (100)(25,000a45) = 30,000,000, so that @g = 12, and

Ags = 1 — 8ags = .28. The variance of an annuity with annual payment of 1 is then

ﬁ [.2 — (.28)?] = 33.78. The standard deviation of the present value of 100 annuities each

with annual payment of 25,000 is ,/100(25,000)%(33.78) = 1,453, 000. Answer: C

30. The schedule of payments is
Age 20 21 22 23 24
Pmt. 1 3 ) 7 9

The schedule of payments can be expressed as

Age 20 21 22 23 24
Pmt. 0 2 4 6 8
+ 1 1 1 1 1

The net single premium is the combination of the two actuarial present values in the second
representation. The APV is 2(1a)q3 + dyy5)-

We use the relationship  do,p = 1 + agy =7 » SO that dyy5 = 1+ agyyg) = 4.04.

The net single premium is 2(7.17) 4+ 4.04 = 18.38. Answer: B

] o 10,000@ g for 0<T<10
31. The present value random variable for the annuity is Y = {
10,000@7 for T>10

The 10-year certain period guarantees that the pv is at least 10, 000a = 63,212, and the
minimum payment is made if death occurs within 10 years; this has probability

10ges = 1 — e 1000 = 095, Therefore, Fy(y) =0 for y < 63,212, and

Fy(63,212) = .095. There is a probability mass of .095 at y = 63, 212. This corresponds to a
"jump" in the graph of Fy (y) from 0 to .095 at that point. This occurs only in graph D.
Answer: D
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32. We use the relationship

1 __
25:10|

Ay
7|

= Azzﬁ\ —v" p, 10 get
= A25:l_0\ - ,010 10P25 = A25:l_0\ - (95)10(87) = A25:l_0\ —.5209.

We then use the relationships  A,gq5 = 1 — ddys1 and

ligs 15| = los1g) + 0'0 10125 s 5) -
We get iiys1q = 9.868 — (.95)'°(.87)(4.392) = 7.5802,
and then Apsq5 =1— (1 —v)(7.5802) =1 — (.05)(7.5802) = .6210.

Finally, A215:ﬁ\

33. We are given: o5p9 = .70

3500 = .00

= Asap) — 5209 = .6210 — .5209 = .10.  Answer: A

7,500d25 = 60,000 , 12,300is; = 60,000 , 9,400z, = 60,000

We use the relationships g5 = diy;1q) + 010 0pas dss and  s5p0 = 9500 - 10025 -

and then 8.0 = 6.3830 + v'* x 2 x 4.8780.

Solving for v results in  v' = .4641. Then. v = -1 = (.4641)-' = .926, so that 7 = .080.

5

We first get 19pos = —? =7

Answer: A

34. The series of payments is
Age 30 39 40

49 50 ...

1+

59 60

Pmt 10 10 20

20 30 ...

30

There are various ways in which we can regroup the payments.
From the information given, we have the actuarial pv of a 10 year annuity-due starting at age 30.
We can also use the relationship g5 = tg0.95 + 20E30 - 515, t0 SOIVe for 5.

Ggoa0] = Ugo:30] — 20830 - Us19) = v — mw.

The series of payments can be formed in the following combination of payments:

Age 30 39 40 49 50 ... 59 60
Series 1 20 20 20 20

Series 2 -10 -10

Series 3 30... 30
Net Total 10 10 20 20 30... 30
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34. continued
The APV of series 1is 20dy35 = 20(v — mw).

The APV of series 2is  — 10i315 = — 10u.
The APV of series 3iis 30 - 20 E3 - lg).19) = 30muw.

The total APV of the three series of payments is
20(v — mw) — 10u 4+ 30mw = — 10u + 20v + 10mw. Answer: D

35. The actuarial present value of a subscriber is the actuarial present value of all future
subscription payments. This forms a life annuity, with constant probability p, = p = .90.
The probability of continual renewal to & years from now is ;p, = p".

The APVis 25[1 +wvp +v’p* + -] = {2 = 1_(32)(.9) =172.41. Answer: D

36. The actuarial present value of payout (i)is P, - A | = .4188P;.

60:10|
The variance of the payout in (i) is P?>-[ 2A 1 — (A 1 )?] = .0585P72.
60:10] 60:10]
Since (i) and (ii) are actuarially equivalent, we have P, - A | =P, - A0
60:10]
. - .. _ 1_A60:%\ .. _
We use the relationship g5 = —7— t0 get dgap5 = 9.2883.

Then, .4188P, = 9.2883P, » P, = .0451P;.

The variance of an n-year life annuity-due of 1 per year is % - [P Ago) — (Agozm)’]

so the variance of payout (ii) is the variance of a 20 year life annuity-due of P, per year, which is
p? 1

7 - PAgoa — (Agoan))?] = (0451P))% - 5555 - 2312 — (.4427)%) = 01997,

The difference in the two variances is .0585P7 — .0199P? = .039P2.  Answer: A

_ L
R
_ _ _ 1 1—e T 1 -
P[QT‘>GI]:P[QT|>M]:P[ % >m]:P[6 6T<ﬁ].

37. With constant force of mortality x, we have @,

With constant force of mortality ., we also have ,,p, = e #* = P[T > n].

Then, Ple™" < #4=] = P[ = 6T < In(54,)]

1 1 ‘ .
=P[l'> — % ln(ﬁ)] = emp[ —p-l—3 -ln(éﬁﬂ)]] = (ﬁ)’“‘/é. Answer: B
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38. The present value random variable for Jack's insurance is 1000e %7, and the
actuarial present value is
E[1000e°T] = E[1000e°7T|Illustrative Table] - P[Illustrative Table]

+ E[1000e°T|constant force] - P[constant force]

] . .02
= 1000[5 Ag; - (-6) + -5 - (4)] = 1000[ 715G - (-3967)(:6) + 557106 - (4]
= 347.3.
_ 1-Ag 1-.3473
T = 5" = 106 — 12

39. With constant force of interest 6 and constant force of mortality ., we have

@, = 5; = 12.5. Itfollows that & + 1 = .08. Then, i, = 72 = 7= = 13.00667.
Using Woolhouse's approximation with m = 12 we have

(12) _ . 12-1  12*-1 :
a(I ) = Gy — 5579 — m(,& +6)=12.542.  Answer: C

40. We use the relationship for the variance of a continuous whole life annuity of 1 per year:
Varlaz] = 6% A, — (AL)%.
The survival distribution is a mixture of the survival distributions for smokers and non-smokers.

A, = AT 4 AN _(3)(.444) + (.7)(.286) = .3334.

T

—- — smoker - —-non-smoker
24, = 324 4 7247 .

. — k —non- ki . . .
We find 2457 and 247" from the given annuity variances.

8.818 = Var[aoer] = g - PAT™ — (4,)%] = fp - PAT™ = (444)?],

from which we get 24°™" = 2853,

Similarly, 8.503 = Var[anTcTn-smoker] _ % . [gzgon-smoker _ (ZI)Q] _ ﬁ . [zzimoker _ (.286)2] ,
from which we get 24" — 1668.
on-smoker

Then, 24, = 324 | 724 = .2024, and finally,
)

Varfag) = 3 - F4. — (4,)%) = ﬁ -[.2024 — (.3334)2] = 9.1 . Answer: E [
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41 Var(ar) = & - (A, - A4,)

Since the force of mortality is constant at ¢, we have A, = f? and %A, = ﬁ.
Therefore, from A, = .3443 = ﬁ ,we get ¢ =.042,
21 .042 o
and then “A, = 3008) .02 = .2079.
_ 1 .
Var(@zgy) = rogpe - 2079 — (.3443)?] = 13.96.  Answer: B

42. d75:3| =1+ VP75 + 1)2 2P75-

From (i) we get ,,prs = e~ J #)dt — o= 01(T5+n)" 27512
Therefore, prs = e~ 01707 = 9719 and

2P75 = 67'01[771.27751.2] = .9445.

The APV of the annuity is 1 + % + ('lg_ﬁ‘;’fz = 2.64. Answer: A

43. The equivalence principle equation is @ = 200 330 + QA?}O%‘.

sojlizo = 20 Fs0 - 10Fs0 - digo = (-20374)(.51081)(11.1454) = 1.672,
Ago = Al _ + 20E30 . 10E50 . A(;o , SO that
30:30]

Ay o = 10248 = (:29374)(51081)(:36913) = 04709,

200(1.672)

T=04709 — 351. Answer: A

Solving for @ results in @ =

B i o soldsn
4. Q= 01C-Q4, - +s0fis > Q= T—pio.4,

35:30|
We aregiven A ; = 0.07.
35:30|
s0/35 = v 3035 - lgs. We are given igs = 9.90 .
We also have v 3ps35 = Ags ) — A3;% =.21—.07 = .14.

5:30]
(.14)(9.90) 7. Then C'=14.3 Answer: D

Then, 1.4 = =515007
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45. We use the relationship @, = @ . + 0" 1 Pr Togn
20 = g1 + v 0P T30 -
From UDD we have A, = { A, = P~ - 57 = .5368 forall z,
and then @, = 1’5;‘“’ = 9.494 for all .
Therefore  9.494 = @15 + v'% 100 - (9:494) = Ty, + gy - (9-494)

and then @15 = 6.2.

Note that since v = % and p, = .945, we have vp, = .9, so that

v 0p, = (09)10 = .348678. Answer: C

46. The reinsurer's first potential payment is 100,000 and will be made 3 years from now (the
primary insurer would pay 150,000 now and for the next 2 years, and 50,000 in three years to
reach the limit of 500,000). Starting 4 years from now, the reinsurer would 150,000 per year, as
long as the worker survives. The actuarial present value of the reinsurer's payments is

100, 000v* 3p, + 150, 000[v* 4p, + v° 5ps + 0 6ps + -]
Since ¢p, =0 for t > 5.5,and ;p, = (.7)" for ¢t < 5.5, this becomes

100,000 755 + 150, 000(( 1) + (£25)7) = 79, 012. Answer: B

47. Gy =1+ vp, lig = 7.5538
lop1 = 1+ VPosilipps = lprn = 63;111 = 6.57742
The revised values (superscrlpt N) are found as follows:
=1+ pr x+1 ; .ivﬂ =1 + Upﬁ:\fﬂdrﬂ
pY =p, =.99 , pr =.98 , HQ = i, (only change is at age = + 1)
- a]EVH =1+ valaHg L+ 705 05 % (6.57742) = 7.1389
- @Y =1+opl al,, =1+ {5 (7.1389) = 7.731.

Change is 7.731 — 7.554 = .177. Answer: C
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WRITTEN ANSWER

1.(a) Z> = Z1 + 10,000a, . Since Z; and Z, differ by a constant, they must have the same

variance.
COU[Zl, ZQ] = CO’U[Zl, A —|—6%‘] = COU[Zl, Zl] = Var[Zl] .

(b) E[Zl] = 10,000 10/Q40 = 10, 000e~100 10P40 X T 50 -
Lopao = e~ 100 and @5 = fooo e~ pso dt = fofxs o= 05t y o=01t gy — L

.06
E[Z)] = 914.69 .

ag = e = 17.869, s0 that E[Zy] = 914.69 + 10,000 x 7.869 = 79,609 .

0 T4() < 10 { 0 T40 S 10

c Z — _5— = _,—.05 -
© 2 {10,0006-%010 Tig > 10 = \ 10,0005 =2 1y 5 10

B { 0 Ty < 10
~ 200,000 (=% — e~ 0T0) Ty > 10
P(Z; = 0) = P(Tyo < 10) = 10q10 = 1 — 10pao = 1 — e 10x01 = 0952 .
For w>0, P(Z1 <y)=P(Z;=0)+P(0< Z; <y)
= .0952 + P[0 < 200,000 (e~ — e~%5Tu0) < y]
We can rewrite the inequality 0 < 200,000 (e=-> — e=-%5T0) < ¢ in the form
10 < Ty < —20In(e — m ).
From P(u < Ty < v) = ypao — vPao , We get
P[0 < 200,000 (e=? — e~0T0) < y] = P[10 < Tyy < —20In(e " — m ],
so u=10,and v = —20ln(e"5—m).
Also, with contstant force of mortality .01, we have ,p, = e~ .

Then P[0 < 200,000 (e — e~ PT0) < y] = e~ — (e~ — 5555555 ) for w > 0.
The maximum value of w is 10, 000 9@ = 200, 000e~° = 121, 306 .

Finally, for w > 0, Fz (y) = P(Z1=0)+ P(0 < Z; <y)

_ oy Y \2
=1—(e 0_200,000) :
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The graph of the distribution function is

Fz (v

-a95

121306

(d) Since Z = Z; +10,000@1y , the graph of F7, is the same shape as that of F;, , but it is
shifted to the right by an amount of 10, 000 x a1 = 78,690.

39 59
2.(a) The APV is gjdgo = > v" rpso = . 120-60—k &

k=20 k=30 120700
1 1
= 55 X [400* + 390! + - + 20%° +0Y] = o5 x v X (Da)g) 4
40—azgg

= ol x — 10— 3.9963.

0 Kg < 20
b) Z = .
(b) {U2o G-z K60 > 20

(c) The median of Z is the smallest ¢ for which P[Z < ¢| > .5,
S(z+k) k

From the nature of the distribution, we see that g, = 1 — S@) — 120z

sothat P[Kg < k — 1] = rqe0 = % > .5 isequivalentto £ > 300r £ —1 > 29,
Since Z = v* 11— it follows that

P|Z < c] = P[p® a0 < ¢| = P[Keo < k — 1], where

v* g5 = ¢ . Butsince k = 30 is the smallest k for which P[Kg <k — 1] > .5
it follows that ¢ = v™ g7 = 3.8497 is the smallest value of ¢ for which

P[Z < ¢] > .5. The median value of Z is 3.8497,
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3. Y is a mixture of Y* and Y"*, with mixing weights .3 and .7, respectively.
(@ E[Y]=.3x E[Y*]+.7T x E[Y"™]

For a mortality model with constant force of mortality 1 with constant force of interest 6, the net
1

single premium for a continuous whole life annuity IS 5 1 S0
E[Y*] = 551 = 8-3333 and E[Y™] = 5 = 9.0909

and E[Y] = .3 x8.333+ .7 x 9.0909 = 8.864 .

(b) Since Y = % , Where Z is the PVRV for a continuous whole life insurance of 1, it
follows that Var[Y] = % x Var[Z] =100 x Var[Z] .,and Var|Z] = E[Z?] — E[Z]*.
From the mixture distribution and the fact that A, = L for the constant force model, we get

E[Z) = 3 X E[Z°]+.Tx E[Z™] = .3 X 02+1 + 7 X 01+1 = .1136
(note that this is consistent with E[Y] = %[Z] . 8. 864 — ﬂ)
From the mixture distribution and the fact that 24, = +2 — 55 for the constant force model, we get

BE[Z%] = 3 x B[(Z°)’] + .7 X E[(Z™)’] = 3 X 525 4.7 % =.0606 .

Then Var[Z] = E[Z?) — E[Z)? = .0606 — (.1136)2 = .0477 .

Finally, Var[Y] = & x Var[Z] = 100 x .0477 = 4.77.

Note that we could formulate Var[Y] as E[Y? — E[Y]?, and it continues to be true for the
mixture distribution that E[Y?] = .3 x E[(Y*)?] +.7 x E[(Y"*)?], but it is easier to find

E[(Z*)? directly than to find E[(Y*)?] directly.

01+2 o

(c) For the mixture distribution we can use conditioning to find probability.
P[Y <5]=.3x P[Y® <5]+.7x P[Y™ < 5].

Ply* <5 = Pl < 5] = P[T* < — 10In 5] = P[T} < 6.93]

= 60305 = 1 —go3ps = 1 — e 09 =1 — ¢ 09902 = 199,

In asimilar way, P[Y™ < 5] = P[T" <6.93] =1 — e 090 = 067.
Then P[Y <5]=.3 x.129 4.7 x .067 = .0856 .
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S. BROVERMAN MLC STUDY GUIDE
MULTIPLE CHOICE TEST 6

1. You are given:

(i)  The survival function for malesis Sy(z) = 1 - %, 0<z <w.

(if) Female mortality follows the survival model Sy(t) =1 — % (De Moivre).

(iii) At age 60, the female force of mortality is 60% of the male force of mortality.
For two independent lives, a male age 65 and a female age 60, calculate the expected time until
the second death.

A) 4.33 B) 5.63 C) 7.23 D) 11.88 E) 13.17

2. Mr. Ucci has only 3 hairs left on his head and he won’t be growing any more.

(i) The future mortality of each hair follows ; g, = 0.1(k+1), k£=0,1,2,3

and x is Mr. Ucci’s age

(if) Hair loss follows the hyperbolic assumption at fractional ages.

(iii) The future lifetimes of the 3 hairs are independent.

Calculate the probability that Mr. Ucci is bald (has no hair left) at age = + 2.5.

A) 0.098 B) 0.103 C) 0.108 D) 0.113 E) 0.118

3. A government creates a fund to pay this year’s lottery winners.

You are given:

(i) There are 100 winners each age 40.

(if) Each winner receives payments of 10 per year for life, payable annually, beginning
immediately.

(iii) Mortality follows the Illustrative Life Table.

(iv) The lifetimes are independent.

(v) i =0.06.

(vi) The amount of the fund is 15,092.

Using the normal approximation, find the probability that the fund is sufficient to make all
payments.

A) 82% B) 85% C) 88% D) 91% E) 95%
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4. You are given:
(i) P, =0.090 (i) Palr.m =.085  (iii) Rmﬁ = 0.00864

Calculate ,V, .
A) 0.50 B) 0.52 C) 0.54 D) 0.56 E) 0.58

5. Don, age 50, is an actuarial science professor. His career is subject to two decrements:
(i) Decrement 1 is mortality. The associated single decrement table follows the model
So(t) =1— ﬁ (DeMoivre).

(i1) Decrement 2 is leaving academic employment, with ,ué%lrt =0.05, t>0

Calculate the probability that Don dies between ages 55 and 60 while still employed as a
professor.

A) 0.05 B) 0.06 C) 0.07 D) 0.08 E) 0.09

6. For a 20-year term life insurance on (), you are given:

*i=0

. ,ufcllt = 2% , the force of mortality due to accident

. Mﬁt = % , the force of mortality due to other causes

» The benefit is paid at the moment of death.

» The benefit of 2 is paid if death occurs by accident, and a benefit of 1 is paid if death occurs by
other causes.

Calculate the actuarial present value of this insurance.

A 21-e®) B)l-e?® Ol-e® DZ21-e?) E)F(1-e¥)

7. Lee, age 63, considers the purchase of a single premium whole life insurance of 10,000 with
death benefit payable at the end of the year of death.

The company calculates net premiums using:

(i) Mortality based on the Illustrative Life Table,

(i) i=0.05

The company calculates contract premiums as 112% of net premiums. The single contract
premium at age 63 is (). Lee decides to delay the purchase for two years and invests the ). The
annual rate of return that the investment earns is 3.0% and two years later it provides exactly the
amount equal to the single contract premium at age 65. Calculate Q.

A) Less than 5000 B) At least 5000 but less than 5100

C) At least 5100 but less than 5200 D) At least 5200 but less than 5300

E) At least 5300
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8. For a special fully discrete 20-year endowment insurance on (55):

(i) Death benefits in year k are given by b, = (21—k), kK =1,2,...,20.

(if) The maturity benefit is 1.

(iii) Annual net premiums are level.

(iv) V denotes the net reserve atthe end of year k, £ =1,2,...,20.

(V) 10V =5.0 (vi) oV = 0.6 (vii) 1V =5.3 (viii) 4 = 0.08
Calculate gs .

A) Less than .06 B) At least .06 but less than .07 C) At least .07 but less than .08
D) At least .08 but less than .09 E) At least .09

9. Mortality follows Gompertz's law with B = 0.0001 and ¢ > 0.

You are given that for a pair of independent lives both aged z, the joint life mortality random
variable T}, has a distribution that is identical to that of 7}, 4, the single life mortality random
variable an individual aged = + 4. Determine the value of ps.

A) Less than .50 B) At least .50 but less than .60 C) At least .60 but less than .70

C) At least .70 but less than .80 C) At least .80

10. For a special fully discrete 35-payment whole life insurance on (30):
(i) The death benefit is C' for the first 20 years and is 5 thereafter.

(if) The initial net premium paid during the each of the first 20 years is one fifth of the net
premium paid during each of the 15 subsequent years.

(iii) Mortality follows the Illustrative Life Table.

(iv) 7 = 0.06.

(v) A3012—0‘ = 0.32307

(vi) U35 = 14.835

(vii) The initial annual net premium is .016.

Calculate C.

A) 15 B) 1.7 C) 15 D) 1.7 E) 1.9
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11. The Boiler Room Sales company ranks each of its sales people at the end of each month
according to the sales made by that sales person. There are three rankings:
Excellent , Good , Poor.
A salesperson who had poor sales for the month is immediately fired and never again rehired.
Some sales people die during the month (perhaps because of the high pressure under which
they have to work). The BRS company has created a homogeneous Markov Chain model to
describe transitions in a salesperson's ranking from one month to the next. The model has three
states:

E - excellent sales for the month just ended,

G - good sales for the month just ended, and

P - poor sales or died in the month just ended.

Per Prpc Pep 2 6 .2
The one-step transition matrix is Per Pec Popl|=1]1 5 4

Ppr Ppg DPpp
A salesperson has just received a ranking of G
BRS company pays a salesperson a bonus of $1000 whenever that person has two consecutive
months with a ranking of £. At a monthly interest rate of 1%, find the combined actuarial present
values of the bonus payments to be made at the end of the next three months to a salesperson whose
current rating is GG, and a salesperson whose current rating is £ .
A) Less than 300 B) At least 300 but less than 320 C) At least 320 but less than 340
D) At least 340 but less than 360 E) At least 360

12. Under the assumption of UDD in the multiple decrement table, what is the formulation for
the APV of a disability income benefit of $C per month payable to age 75, issued at age 40,
with a 6-month waiting period, and with coverage expiring at age 60. Assume that disability
occurs at mid -year.

1) 12)i
A) 120k2v’“+z piO)in)ijail_Zk.gzl_k‘ B) C};”k+z pgx())qio)+ka4(1142k.34—k\

(1) () = (12)i (1) (i) (12
C) 1202”“1 kP10 9101 %41 157 D) szkﬂ kP10 Qao+k gy 377

(1) () . (12)i
E) 120211"“ #P10 D10+ 50

MCT-70  www.sambroverman.com SOA Exam MLC Study Guide © S. Broverman, 2015



MLC - MULTIPLE CHOICE TEST 6

13. You have calculated the actuarial present value of a last-survivor whole life insurance of 1
on (x) and (y). You assumed:

(i) The death benefit is payable at the moment of death.

(if) You assume that the future lifetimes of (z) and (y) follow a common shock model in which
each life has a constant force of mortality with ;2 = 0.06 and with a common shock component
with constant force 0.02.

(iif) 6 = 0.05.

Your supervisor points out that these are independent future lifetimes, and each mortality
assumption for (z) and for (y) is correct.

Calculate the change in the actuarial present value over what you originally calculated.

A) .039 larger B) .039 smaller C) .093 larger D) .093 smaller E) no change

14. A decreasing term life insurance on (80) pays (20 — k) at the end of the year of death if (80)
diesinyear k+1,fork =0,1, 2, ..., 19.

You are given:

(i) i =0.06

(i1) For a certain mortality table with ggp = 0.2, the single net premium for this insurance is 13.
(ii1) For this same mortality table, except that ggo = C', the single net premium for this insurance
is 12.30.

Calculate C.

A) Less than .10 B) At least .10 but less than .11 C) At least .11 but less than .12

D) At least .12 but less than .13 E) At least .13

15. Mortality for Audra, 25 years old, follows a constant force of mortality of © = .01 at all
ages. If she takes up hot air ballooning for the coming year, her assumed mortality will be
adjusted so that for the coming year only, she will have a mortality probability of 0.1 based on
uniform distribution of death with that year. Calculate the decrease in the 11-year temporary
complete life expectancy for Audra if she takes up hot air ballooning.

A) 0.60 B) 0.70 C) 0.80 D) 0.90 E) 1.00
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16. For a special 20-year term life insurance on (40), you are given:

(1) The death and endowment benefits are 10,000.

(if) The death benefit is payable at the moment of death.

(iii) During the 5th year the gross premium is 750 paid continuously at a constant rate

(iv) The force of mortality follows Gompertz's law with B = 0.00004 and ¢ = 1.1

(v) The force of interest is 4%.

(vi) Expenses are 5% of premium payable continuously and 100 payable at the moment of death.
(vii) At the end of the 5th year the expected value of the present value of future losses

random variable is 3000.

Euler's method with steps of h = 0.25 years is used to calculate a numerical solution to Thiele's
differential equation. Calculate the expected value of the present value of future losses random
variable at the end of 4.5 years.

A) Less than 2450 B) At least 2450 but less than 2550

C) At least 2550 but less than 2650 D) At least 2650 but less than 2750

E) At least 2750

17. (x) and (y) are two lives with identical expected mortality. You are given:
P,=P,=0.1,
P,, = 0.18, where P, is the annual net premium for a fully discrete insurance of 1 on (zy).
d =0.06
Calculate the premium Pgy;, the annual net premium for a fully discrete insurance of 1 on (zy).
A) 0.04 B) 0.06 C) 0.08 D) 0.10 E) 0.12

18. For a multiple decrement model on (60):
() pi., t >0, follows the Illustrative Life Table.

(D) poye = copgy  t20

(i) 10q%y) = 57372

Calculate c.

A) 2.0 B) 25 C) 3.0 D) 3.5 E) 4.0
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19. For a special fully discrete 3-year term insurance on (z):

(i) Level net premiums are paid at the beginning of each year.
(i) k br+1 Az+k
0 | 200,000 | 0.03

1 | 150,000 | 0.06
2 | 100,000 | 0.09

(iii) ¢ =0.06
Calculate the initial net reserve for year 3 (nearest 100).
A) 6,500 B) 7,500 C) 8,500 D) 9,500 E) 10,500

20. For a special fully discrete whole life insurance on (x):

(i) The level premium is determined using the equivalence principle.

(i) Death benefits are given by b1 = (1+4)**! where i is the interest rate.
(iii) L is the loss random variable at ¢ = 0 for the insurance.

(iv) K isthe future curtate lifetime random variable of (x).

Which of the following expressions is equal to L?

py CTTA) gy a4y ©

(1— A,)
UK+] .
D) (v*1-A)(1-A) B A

(UK+1 _Ax)
(14 A,)
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S. BROVERMAN MLC STUDY GUIDE
MULTIPLE CHOICE TEST 6 SOLUTIONS

1. The male survival distribution is De Moivre's Law with w . The force of mortality for a male
at age 60 is w—;ﬁo . Female mortality follows De Moivre's Law with upper age limit 85.

Female force of mortality at age 60 is = .6(—=g 60) - w=75.

8560
0 0 o o oG5 | 8560 10
CEEATGOF = C65M Tt €60F — €esM60F = —5 — + —5— — Jo (tPesn) (tPeor) dt .
_ 75-65-¢ _ 10—t 85—60—t _ 25—t
tP65M = “75_65 ~ 10 ’tPGOF 85—60 25

- Jy tp65]\1)(tp60F) dt = [," (M1 (3550 dt = oisy Jo (250 — 35t +£2) d
= (10)(25) 2500 — 35(13) + 10300] — 4.333 - &rmr = 5+ 12.5 — 4.333 = 13.16 .

Answer: E

2. For a particular hair, the probability that this hair has been lost by time 2.5is 55q. . The
probability of being bald by time 2.5is P[(lose hair 1) N (lose hair 2) N (lose hair 3)] .
Since the hairs are independent of one another, this probability is

P|(lose hair 1)] - P|[(lose hair 2)] - P[(lose hair 3)] = (25¢.)*
(we use the rule for independent events A and B that says P[AN B] = P[A] - P[B]).
From the given information we have ¢, = ¢, = .1,

Then yp, = .7 so that g0 = Q‘ZT = % .

250z =1 —95Ds =1 =2y - 5Pey2 =1 = ((7)(1 — 5Gus2) -

From the hyperbolic assumption, we have 5q,.o = ﬁ = .2727.
Then, 55q, = = 1— (.7)(1 —.2727) = 491 ,and (25¢.)® = (.49)% = .118.

Answer: E

3. This problem involves the variance of a life annuity present value random variable and the
normal approximation. The expected present value of payment to the winners is

E[S] = (100)(10)(d49) = 14,816.6 (for 100 annuitants). Since the prize winners are
independent, the combined variance of the present value random variables is the sum of the
variances of the separate present value random variables. For one prize winner, the variance of
the present value random variable is
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Var[10Y] = 100Var[Y] = 100( 3 )[*As — (Ax)?] = 705.55 .

The variance of the total present value paid to the winners is Var[S] = 100(705.55) = 70, 555.

We assume that S is approximately normal to find the probability that P[S < 15,092] .

We standardize the probability to get

51 S—E[S] 15,092-E[S]; 15,092—14,817
P[S < 15’092] - P[\/Var[S} < V' Var[S] ] - P[Z < \/m ]
= ®(1.035) = .85 (from the normal table). Answer: B
PP 09—.085
4, V. = 5, Ve = 00864 = = .5787. Answer: E

5. Wewish to find 5505 = sply) X spls = spig’ X sphg) X [ by - 1, dt .

Under De Moivre's Law with w = 100 we have 5p0(01) = 10025025 — 9 and

100—50
and under constant force of decrement 5pi>) = ¢ 5005 = ¢=25 .
Under De Moivre's Law we also have ;pi) = % and 1), = Toes—7 1 SO
(m o _ 1) (2) (1) _ 100—55—¢ —.05t 1
tPa5  Msore = tPss X iP5 M = Tlog-55 <€ T X T00-55-1
o e— D
5 .

1 _ 5 (1) (1) _ophe™ o, 1-e®
Then spss = [ 1055 - tssye At = [ 5 dt = 05><45 '
Finally, 55a) = sply) x 5pll) = .9 x =2 x 1202 — 0689 Answer: C
inally, 5505 = 5ps) X sps; =9 x e P x e = . Answer:

6. upi = eap| — fon:“gt dt] = exp[ — [ .15t dt] = e~ 0",
APV of accidental death benefitis 2 pi" - '), dt = 2= 071" . L gy
Using the substitution, s = .075¢%, ds = .15t dt , and the integral becomes

t=20
fe—sm ds, sothe APV is 2 x %( — 07 o ) = %(1 —e ).

The APV of the benefit for death due to other causes is

0 o +)t dt = [P0 . L d¢ . We see that this integral is twice as large as

[P0ttt L gy so f2° o Lt =2(1— ),

The total APV is %(1 —e 3% . Answer: E
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7. This problem involves single net premium for life insurance with death benefit payable at the
end of the year of death, and it also involves the recursive relationship for insurance valuation.
The accumulated value of the @ invested for 2 years at 3.0% is (1.03)?Q. The single net
premium for the insurance at age 65 (2 years after age 63) is 10, 000Ags , and the contract
premiumis (1.12)(10,000)Ags. We cannot use the A, values in the Illustrative Life Table,
since they are based on an interest rate of 6%. The single net premium at age 63 is

Q = 10,000A3 . We use the relationship A, = vg, 4+ v* - 1jqz + v* - 2y - Azy2. From the

Ilustrative Life Table, we have ¢g3 = .01788, ¢¢4 = .01952 . The single net premium at age 63
Q

is 13- Therefore,
&5 = 10000 (01788) + % - (.98212)(.01952) + (11085%2 - (.98212)(.98048) - Ags

— 10,000A44; = 1.0222500Q) — 394.05
The contract premium for the insurance at age 65 will be
(1.12)(10,000) Ags = (1.12)(1.022250Q — 394.05) = (1.03)%Q.
Solving for Q results in @ = 5252. Answer: D

8. Since we are given 1,V we use the relationship

(10V + P)(1 +14) — bi1 - @py10 = Pati0- 11V,
where P is the annual net premium and by, is the death benefit payable at the end of the 11th
year for death in the 19-th year. The insurance is a 20-year decreasing insurance, so that

bi1 =21 — 11 =10. Also, the issue age is = = 55, so that the equation becomes
(5.0 + P)(108) — 10gg5 = pes - 1V, which is (50 + P)(IOS) — 10qg5 = p65(5.3) .
In order to find gg; we need to know P. We can find P by using the recursive relationship for

the final (20th) year: (19V + P)(1 +14) — b20 - Gz119 = D419 - 20V -

When a policy matures, the maturity amount is the reserve at the end of the policy term.
Therefore, 5V = 1, since we are told that this is a 20-year policy with maturity value 1.
The death benefit is also b5y = 1 in the 20th year. The recursive relationship becomes

(0.6 + P)(1.08) — g4 = pgs - 1, which becomes (.6 + P)(1.08) =1, since

q: + p. = 1 forany z. We then get P = .3259, and then ¢s5 = .10. Answer: E
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9. jty = BC" 5 gy = flp + pte = Bc® + Bc” = pigpq = Be™t .
It follows that 2 = ¢*, from which we get ¢ = 1.1892..

Under Gompertz law,

pso = exp| — [ so4s dt] = exp — [.0001 - 1.1892%0+ dt]

51 50
= exp[ —.0001 - LIPS0 — 53 Answer: B

10. This problem involves the equivalence principle for finding a net premium.
For the first 20 years, the net premium is P, and for the next 15 years it is 5P. The death benefit
is C for the first 20 years and then 5 after that. The equivalence principle equation is

(016)[6L302_0| -+ 51}20 *20P30 ° d50:1—5|] = CA310:70| + 51)20 * 20030 - A50 :

We use the relationships v* - 50psg - dso 1z
1_A30:%\

= lig)35 — 30.2p) » and

sz = —¢  » and A310:2—0| = Agoan) — v+ 20P50 -

From the Illustrated Life Table, we get v?" - 5yp30 = .29374.

Then, figgy = —a22 = 11,959 ,

0™ - 9030 - 015 = dao35) — a0 = 2-876, and

Ay = Az — v? - 50p30 = .0293. Then, C =19 . Answer: E

11. The following sequences of rankings for the next three months result in two consecutive

E-F ratings (including the current ranking of G):

Sequence that pay bonus attime 2: G — E — E , prob. (.1)(.2) = .02

Sequences that pay bonus at time 3:

G—-G—-FE—-FE,prob. (.5)(.1)(2)=.01, G-FE—FE—E,prob. (.1)(.2)(.2) = .004 ,

total prob. of bonus payment at time 3 is .014.

Actuarial present value is  1000[.02v% + .014v%] = 33.19.

The following sequences of rankings for the next three months result in two consecutive
E-F ratings (including the current ranking of £):

Sequence that pays bonus at time 1: £ — E', prob. .2

Sequence that pay bonus at time 2: £ — E — E , prob. (.2)(.2) = .04

Sequences that pay bonus at time 3:

E—-G—-E—-E,prob. (.6)(.1)(.2)=.012, E—FE—FE—E,prob. (.2)(.2)(.2) = .008 ,

total prob. of bonus payment at time 3 is .02.

Actuarial present value is  1000[.2v + .04v? + .02v%] = 256.64 .

Total APV is 289.82 . Answer: A
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12. The annual rate of payment is 12C', so answers B and D are incorrect. Since disability
occurs at mid-year of age, and it begins %-year later, at the next year of age and continues to one
month before age 75, and the valuation is on age 40. Answer: C

13. This problem involves the common shock model for dependence of two lives.
6

The insurance single net premium for each of (z) and (y) is A, = 4, = % =11

Since p, = .06 = i + A and X = .02, it follows that (x)'s force of mortality is p} = .04
before common shock, and for (y) it is similarly true that ;.; = .04. The force of failure for the

joint life status is p; + p1;, + A = .04 + .04 + .02 = .10, so the single net premium for

10 _ 10
10+.05 15

insurance, under the original common shock model is

= Ty 6 6 10

Amg=Ay+Ay— Ay =17+ 17 — 5 = 424.

If it assumed that the lives are independent with 1, = u, = .06, then the force of failure for the
joint life status is 1, 4+ 11, = .12, and the joint life insurance net premium is

a joint life insuranceis A,, = Then, the single net premium for the last survivor

Ay = % = % Then the single net premium for the last survivor insurance, under the
independence model is Az = A, + 4, — A, = > + & — 2 = 385.
The new value is .424 — .385 = .039 smaller than the original value. Answer: B

14. The APV atage 80is (DA) sk

s 20vggy + vpso - (DA)

We are given that ¢ = .06, gsp = .2 and (DA)8

_13-200(.2)
Therefore, (DA)S%:E‘ = m
If gso ischanged to C, then (DA)

=13.

1
0:20]

= 12.225.

sl = 12.225 remains unchanged, and the revised value of

9
the premium (DA)"™ is 20vC +v(1 — C) - (12.225) = 12.30.
80:20]

Solving for C' results in C' = .1046 . Answer: B
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15. If she does not take up hot-air ballooning, Audra's 11-year temporary complete life
expectancy will be &y, 17 = Jytipasdt =[5t e dt = 10.4166 . The expectation can also be

written as

€a511| = €o51| T P25 * 15| = fol tP25 dt + pas - folo e 0t dt
= [ ipas dt + pas - (9.5163).
If Audra does take up hot-air ballooning for one year (year of age 25), her survival probability
for year of age 25 will be ;p! =1 — .1t for 0 < ¢ < 1 (UDD for the year).
Her revised 11-year temporary complete life expectancy will be

o o* x  OF 1 & «
€95.11| = €251 T Pa5 * €26:10| = fo tP35 At + pis5 - (9.5163)

= .95+ (.9)(9.5163) = 9.51467 .
Her expectation would decrease 10.4166 — 9.51467 = .90 . Answer: D

16. From Gompertz's law we have 5 = Bc* = .00004 x 1.1* = .002916 , and

(1175 = 002847. Then

L1V = 3000 — .25(750(.95) + .04(3000) — .002916(20, 100 — 3000)) = 2804.34 ,

and

15V = 2804.34 — .25(750(.95) + .04(2804.34) — .002847(20, 100 — 2804.34) = 2610.48
Answer: C.

. : Amy  1—diigg . N :
17. We wish to find P = =2 = ——% — -L _ g 50 if we can find i , we can find
A7y Az A7y

P—. From P, =+ —d we get d, = —— =L andalso

7 T g ’ ¢~ Pptd — 16
N e Ay 1-didy, 1
iy = 53 = 16 - Also, P,, = A = Gy G d , so that

1 1

Aoy = Po,+d — 24 -
However, since tzy = b, + Gy — lyy , We g8l gy = % + % - i = 8.333

Then, Pmy = L _d= Lo —06=.06. Answer: B
Ty

a; 8.333
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18. This problem relies on the following relationship ,,p” = e~JinZidt |

Since we are told that uégﬂ follows the Illustrative Life Table, it follows that

e~ Jowinidt — | peo (from the Illustrative Life Table).

Then, since u((),, = ¢ - iy, , we get

n (1) (1) n (1)
n :(IT) = e_fo Hypp dt — e_foncl‘ﬁow at — e_cfo Heoe At

= [e~ e de = (,pgo)° (from the Illustrative Life Table).

From the Illustrative Table we have 19psg = % = g?é%?i = .808023 .

It follows that 1 — .57372 = .42628 = (.808023)° , and solving for ¢ results in

 In(.42628)
€ = Tn(.808023)

=4.0. Answer: E

19. This problem can be solved with the accumulation relationship for net reserves.

The initial net reserve for a particular year is the terminal reserve for the previous year just ended
plus the annual net premium:

year t + 1 initial net reserve =,V + net premium .

oV 4+ P)(1 4+4) — b3 - gz+2 = pa+2 - 3V, and the initial net reserve for year 3 is

oV + P. ltisalways the case that 3V = 0 for a 3-year term insurance, and for this problem,
i=.06, g,o = .03, and bs = 100,000 .

Then (2V + P)(1+.06) — 100,000(.09) = 0, sothat ,V + P = 8,491 . Answer: C

20. This problem involves the loss-at-issue random variable. The loss-at-issue is
L = present value random variable of benefit

— present value random value random variable of premiums .
The PVRV of benefitis by - v5 = (1 4 4)5oE+ = 1 and the PVRV of premium is
Qig=y), where @ is the equivalence principle premium. @ is found from the equivalence
principle equation APV benefit = APV premium . This equationis FE[l] =@ - d, , S0 that
Q= % . The loss random variable becomes

_ o N e Y LS B
L=l-Qin=1-="=1""ays = Tx

. Answer: A
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