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Chapter 1: Survival Distributions C.I _.I

Chapter 1  Survival Distributions

OBJECTIVES

To define future lifetime random variables

To specify survival functions for future lifetime random variables

3. To define actuarial symbols for death and survival probabilities and
develop relationships between them

4. To define the force of mortality

In Exam FM, you valued cash flows that are paid at some known future times. In Exam MLC,

by contrast, you are going to value cash flows that are paid at some unknown future times.
Specifically, the timings of the cash flows are dependent on the future lifetime of the underlying
individual. These cash flows are called life contingent cash flows, and the study of these cash

flows is called life contingencies.

It is obvious that an important part of life contingencies is the modeling of future lifetimes. In
this chapter, we are going to study how we can model future lifetimes as random variables. A

few simple probability concepts you learnt in Exam P will be used.

‘ 1.1 Age-at-death Random Variable

Let us begin with the age-at-death random variable, which is denoted by 7). The definition of 7j

can be easily seen from the diagram below.
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C—I _2 Chapter 1: Survival Distributions

Death occurs

|

| | » Age
0 Ty

The age-at-death random variable can take any value within [0, ). Sometimes, we assume that
no individual can live beyond a certain very high age. We call that age the limiting age, and

denote it by . If a limiting age is assumed, then 7} can only take a value within [0, ®].

We regard 7 as a continuous random variable, because it can, in principle, take any value on

the interval [0, o) if there is no limiting age or [0, o] if a limiting age is assumed. Of course, to
model 7j, we need a probability distribution. The following notation is used throughout this
study guide (and in the examination).

— Fo(t) = Pr(Tp £ ¢) is the (cumulative) distribution function of 75.
— fo(?) = %Fo(t) is the probability density function of 7. For a small interval A¢, the product

Jfo(H)At is the (approximate) probability that the age at death is in between ¢ and ¢ + At.

In life contingencies, we often need to calculate the probability that an individual will survive to

a certain age. This motivates us to define the survival function:
S()(I) = PI’(T() > l) =1- F()(l).

Note that the subscript “0” indicates that these functions are specified for the age-at-death

random variable (or equivalently, the future lifetime of a person age 0 now).

Not all functions can be regarded as survival functions. A survival function must satisfy the
following requirements:
1. So(0) = 1. This means every individual can live at least 0 years.

2. So(w)=0or limS,(¢) = 0. This means that every individual must die eventually.
t—©

3. So(?) is monotonically decreasing. This means that, for example, the probability of surviving

to age 80 cannot be greater than that of surviving to age 70.

© Actex 2015 | Johnny Liand Andrew Ng | SoA Exam MLC



Chapter 1: Survival Distributions C.I _3

Summing up, fo(?), Fo(t) and Sy(¢) are related to one another as follows.

/z";‘?;"’z"/ff;"';"}"'z";"'/ff;‘?;"’z";"'/.-'?';"}"'z";"'z"/.-"'/x";"'z";"'z"/.«"’/x"’z";"'f?’/.«*"f;"'z";"}"';"'/Xffffff/fffffff/f/ﬁfffﬂ
F ORMUL A

Relations between fy(7), Fo(f) and So(?)
d

AN

f=— F(r)— 250 (1.1)
Sy (0= fodu=1-[ f,(@)du=1-F,(0), (1.2)
Pr(a<T0<b)=beo(u)du—F(b) F,(a)=S,(a)-S,(b). (1.3)

LREEERRRRRRRRRRRAAAAAAANANNY

z’///////z’///////X///////X///////z’///////f’///////f///////f///////f///////f’//////

Note that because 7 is a continuous random variable, Pr(7 = ¢) = 0 for any constant c¢. Now, let

us consider the following example.

Example 1.1  [Structural Question]

You are given that So(¢) = 1 — #/100 for 0 < ¢ < 100.

(a) Verify that Sy(7) 1s a valid survival function.

(b) Find expressions for Fo(¢) and fo(z).

(c) Calculate the probability that 7) is greater than 30 and smaller than 60.

—— Solution

(a) First, we have Sp(0) =1—-0/100 = 1.
Second, we have Sy(100) =1 —100/100 = 0.
Third, the first derivative of Sy(¢) 1s —1/100, indicating that Sy(#) is non-increasing.
Hence, Sy(¢) is a valid survival function.
(b) We have Fy(f) = 1 — Sy(f) = t/100, for 0 <z < 100.
Also, we have and fy(¢) = %Fo(t) =1/100, for 0 <¢<100.

(¢) Pr(30 < Ty < 60) = Sp(30) — So(60) = (1 — 30/100) — (1 — 60/100) = 0.3.
[ END ]
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C—I _4 Chapter 1: Survival Distributions

‘ 1. 2 Future Lifetime Random Variable

Consider an individual who is age x now. Throughout this text, we use (x) to represent such an
individual. Instead of the entire lifetime of (x), we are often more interested in the future
lifetime of (x). We use 7 to denote the future lifetime random variable for (x). The definition of

T can be easily seen from the diagram below.

| | ! > Age
0 x x+ T,
T 4
Now (I))ceci[?s
| 1
| | » Time from now
O T)C

[Note: For brevity, we may only display the portion starting from age x (i.e., time 0) in future

illustrations. |

If there is no limiting age, 7, can take any value within [0, o). If a limiting age is assumed, then
T, can only take a value within [0, ®— x]. We have to subtract x because the individual has

attained age x at time 0 already.

We let Si(¢) be the survival function for the future lifetime random variable. The subscript “x”
here indicates that the survival function is defined for a life who is age x now. It is important to
understand that when modeling the future lifetime of (x), we always know that the individual is

alive at age x. Thus, we may evaluate S\(¢) as a conditional probability:

S.@®)=Pr(T >t)=Pr(T, >x+¢t|T, >x)
_Pr(Ty>x+tNTy>x) Pr(Ty>x+1t)  Sy(x+1)
Pr(7, > x) Pr(7;, > x) S, (x) '

Pr(ANB)

, which you learnt in
Pr(B)

The third step above follows from the equation Pr(A4|B)=

Exam P.
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L
F ORMUL A

Survival Function for the Future Lifetime Random Variable

S ()=S0 *D (1.4)

Sy(x)

VLN

NN
DUDDRERRNRRNNER

With S\(¢), we can obtain F,(¢) and f,(¢) by using
F(O)=1-5(0 and (0= F.0).

respectively.

Example 1.2  [Structural Question]

You are given that Sy(f) = 1 —#/100 for 0 < ¢ < 100.
(a) Find expressions for Sio(f), Fio(?) and fio(?).
(b) Calculate the probability that an individual age 10 now can survive to age 25.

(c) Calculate the probability that an individual age 10 now will die within 15 years.

—— Solution

(a) In this part, we are asked to calculate functions for an individual age 10 now (i.e., x = 10).

Here, @ = 100 and therefore these functions are defined for 0 < ¢ < 90 only.

1 _
First, we have §,,(¢) = 5,10+1) = 1-(10+1)/100 :1_L’ for 0 < <90.
S,(10) 1-10/100 90

Second, we have Fio(f) = 1 — S1o(¢) = #/90, for 0 < ¢ < 90.

d 1
Finally, we have HN=—F,()=—.
Yy Jio(®) a 10(@) 90

(b) The probability that an individual age 10 now can survive to age 25 is given by

15 5
Pr(Tyo> 15)=S10(15)=1—- — = —.,
(To ) =S10(15) Y

(c) The probability that an individual age 10 now will die within 15 years is given by

Pr(T10<15) = Fi0(15) =1 = S10(15) = é

[ END ]
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Chapter2 Life Tables

OBJECTIVES

To apply life tables

2. To understand two assumptions for fractional ages: uniform
distribution of death and constant force of mortality

3. To calculate moments for future lifetime random variables

4. To understand and model the effect of selection

Actuaries use spreadsheets extensively in practice. It would be very helpful if we could express
survival distributions in a tabular form. Such tables, which are known as life tables, are the

focus of this chapter.

‘ 2.1 Life Table Functions

Below is an excerpt of a (hypothetical) life table. In what follows, we are going to define the

functions /, and d,, and explain how they are applied.

X I, dy
0 1000 16
1 984 7
2 977 12
3 965 75
4 890 144

© Actex 2015 | Johnny Liand Andrew Ng | SoA Exam MLC



C2_2 Chapter 2: Life Tables

In this hypothetical life table, the value of /y is 1,000. This starting value is called the radix of
the life table. For x = 1, 2, ...., the function /, stands for the expected number of persons who
can survive to age x. Given an assumed value of /), we can express any survival function Sy(x) in

a tabular form by using the relation
lx = Z() S()(x).

In the other way around, given the life table function /., we can easily obtain values of Sy(x) for

integral values of x using the relation

/
S ==,
o(x) /

0
Furthermore, we have

Sy(x+1) 1/ 1

X+t X+t

S,(x) L/l 1

X

P, =S.()=

2

which means that we can calculate ,p, for all integral values of ¢ and x from the life table

function /..

The difference /, — I, is the expected number of deaths over the age interval of [x, x + ¢). We

denote this by ,d,. It immediately follows that ,d, = [, — /4.

We can then calculate g, and ,,q. by the following two relations:

d, -1, 1 d, 1. -1

— t_x — 1_ X+t , — n X+m — xX+m X+m+n
4= I ;o g T I

X X X X X

When ¢ = 1, we can omit the subscript ¢ and write ;d, as d,. By definition, we have

Ay =d+de1 + ... + diii1.

Graphically,
dx + dx+l + dx+2 + dx+3 + + dx+tfl = tdx= lx - lx+t
I I I I I I —» age
X x+1 x+2 x+3 x+4 e X+t-1 x+1t
Ix 1x+t
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Chapter 2: Life Tables C2_3

Also, when ¢ = 1, we have the following relations:

de= 1l — L1, D, =l;—+1,and q, =l—x,

Summing up, with the life table functions /; and d,, we can recover survival probabilities , p, and

death probabilities , g, for all integral values of ¢ and x easily.

i

7
g FORMUL A 7
7 Life Table Functions Z
Z Z
7 L. 7
% Pr =7 (2.1) Z
% x g
Z e =l br= dy + dyy + o+ i 2 7
2 Z
/ t dx lx — lx+t lx+t %
Z g = ey 7
Z X X P %
zzzzzzz7z7zzz7z7zzz:u7zz7z7z722272227277

Exam questions are often based on the Illustrative Life Table, which is, of course, provided in
the examination. To obtain a copy of this table, download the most updated Exam MLC syllabus.
On the last page of the syllabus, you will find a link to Exam MLC Tables, which encompass
the Illustrative Life Table. You may also download the table directly from
http://www.soa.org/files/edu/edu-2008-spring-mlc-tables.pdf.

The Illustrative Life Table contains a lot of information. For now, you only need to know and
use the first three columns: x, /., and 1000g,. For example, to obtain the value g¢o, simply use
the column labeled 1000g,. You should obtain 1000ge) = 13.76, which means g¢ = 0.01376. It
is also possible, but more tedious, to calculate g¢ using the column labeled /,; we have geo =1 —

le1/ Lo = 0.01376.

To get values of ;p, and 4, for ¢ > 1, you should always use the column labeled /.. For example,

we have 5P60 = 165 / Z6O = 7533964 / 8188074 = 0.92011 and 560 = 1 - 5P60 = 1 - 0.92011 =

© Actex 2015 | Johnny Liand Andrew Ng | SoA Exam MLC
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Chapter 2: Life Tables

0.07989. Here, you should not base your calculations on the column labeled 1000g,, partly

because that would be a lot more tedious, and partly because that may lead to a huge rounding

crror.

Example 2.1

You are given the following excerpt of a life table:

W

X lx dx
20 96178.01 99.0569
21 96078.95 102.0149
22 95976.93  105.2582
23 95871.68 108.8135
24 95762.86  112.7102
25 95650.15 116.9802
Calculate the following:
(a) sp20
(b) g24
(©) 41920
—— Solution
(@) 5Py =lz—5 :w =0.994512.
L, 96178.01
(b) g, = 1271025 601197,
l,, 95762.86
d .
(C) 4\1q20 = 1724 — 112.7102 = 0001172 .

L, 96178.01

[ END ]
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Example 2.2 [Structural Question] /'/V\_ﬁ)

You are given:

. X

1) Sox)=1-—, 0<x<100
1) So(x) 100

(i) lo=100

(a) Find an expression for /, for 0 <x < 100.
(b) Calculate g,.

(c) Calculate 3q5.

—— Solution

(a) I, = Ip So(x) = 100 — x.

L—l, 98-97 1
b) ¢, =25 = S
() == 98 98
L~ 98-95 3
C = = = —
©) 39, L 9% 9%

[ END ]

In Exam MLC, you may need to deal with a mixture of two populations. As illustrated in the

following example, the calculation is a lot more tedious when two populations are involved.

Example 2.3 %%}

For a certain population of 20 years old, you are given:

(1)  2/3 of the population are nonsmokers, and 1/3 of the population are smokers.
(i1)) The future lifetime of a nonsmoker is uniformly distributed over [0, 80).
(ii1)) The future lifetime of a smoker is uniformly distributed over [0, 50).

Calculate sp4 for a life randomly selected from those surviving to age 40.
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— Solution
The calculation of the required probability involves two steps.
First, we need to know the composition of the population at age 20.

— Suppose that there are /5y persons in the entire population initially. At time O (i.e., at age 20),

2 1
there are glzo nonsmokers and glzo smokers.

— For nonsmokers, the proportion of individuals who can survive to age 40 is 1 — 20/80 = 3/4.

For smokers, the proportion of individuals who can survive to age 40 is 1 — 20/50 = 3/5. At
age 40, there are %%lzoz 0.5/5p nonsmokers and %élzo = 0.2/, smokers. Hence, among

those who can survive to age 40, 5/7 are nonsmokers and 2/7 are smokers.

Second, we need to calculate the probabilities of surviving from age 40 to age 45 for both

smokers and nonsmokers.

— For a nonsmoker at age 40, the remaining lifetime is uniformly distributed over [0, 60). This
means that the probability for a nonsmoker to survive from age 40 to age 45 is 1 — 5/60 =
11/12.

— For a smoker at age 40, the remaining lifetime is uniformly distributed over [0, 30). This
means that the probability for a smoker to survive from age 40 to age 45 is 1 — 5/30 = 5/6.

Finally, for the whole population, we have

5 11 2 5 25

sPyp =X+t X—=—C-

7 12 7 6 28

[ END ]
‘ 2. 2 Fractional Age Assumptions

We have demonstrated that given a life table, we can calculate values of ;p, and ,q, when both ¢
and x are integers. But what if ¢ and/or x are not integers? In this case, we need to make an
assumption about how the survival function behaves between two integral ages. We call such an

assumption a fractional age assumption.
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Chapter 15 Participating Insurance

OBJECTIVES

To understand the key features of par policies

To describe how dividends on a par policy are computed

3. To describe how bonuses on a par policy are computed, and how they
can be expressed as bonus rates

4. To calculate the profit vector of a par policy

Participating insurances (also known as par policies in the US and with profit policies in the UK)
are insurance policies that pay dividends. The dividends are a portion of the insurance
company’s profits and are paid to the policyholder as if he or she were a stockholder. When
claims are low and the company’s investments perform well, dividends rise. However, in many
cases dividends are not guaranteed and they may not be paid if the insurance company cannot

make a profit.

In this short chapter we briefly discuss participating insurances and we shall stress on the
following aspects: (1) the calculation of dividends and bonus, and (2) the options that are

available to policyholders.
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C—I 5_2 Chapter 15: Participating Insurance

‘ 15.1 Dividends

In Chapter 13 we have discussed the calculation of annual profit in great detail. Recall that for a

single decrement model, in policy year 4 + 1, for a policy that is in force,

— Death benefit g by
— Settlement expense gy En+1
— Total reserve needed = (pyss) 51V

Total reserve
=,Vattime h

I : > time
h h+1

+ Contract premium Gy,
— fraction of premium paid for expense ¢, Gy,
— per policy expense ¢y,

The expected profit that emerges at the end of the (% + 1)th policy year per policy in force at the

start of the year is then
Pryv1=[V+ Gi(1 = cn) — en)(1 + ine1) — (b1 + Epe1)@uth — Psnne1 V.

The actual profit can be computed using realized interest rate, mortality and expenses.

For non-participating policies, the actual profits belong to the insurance company. The profits
from a participating policy, however, are shared between the policyholder and the insurance
company, usually in pre-specified proportions. In the official textbook Actuarial Mathematics

for Life Contingent Risks, the following definitions are used:

— The term “dividend” is used when the profit share is distributed in the form of cash (or cash
equivalent, such as a reduction of premium).

— The term “bonus” is used when the profit share is distributed in the form of additional
insurance, such as increased death benefits, or extra term life insurance. Bonus in this case is

the (additional) face amount of insurance that can be purchased.

In the US, it is common for policyholders of participating insurances to be given choices about
the distribution, with premium reduction being a standard option. For single-premium policy,

the policyholder may receive the cash dividend.
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Since the case for cash dividend or premium refund is simpler than additional death benefit, let

us discuss dividends first. To begin with, we look at an example with no surrender.

Example 15.1 [Structural Question]

A life aged 50 purchases a fully discrete participating whole life contract. The sum insured is

100,000. You are given:

(i) Mortality follows the Illustrative Life Table.

(i1)) The premium is 2500.

(iii) The insurer holds net premium reserves.

(iv) Net premium reserves are based on an interest rate of 6% and mortality following the
[lustrative Life Table is used for computing the reserve. The reserves and death

probabilities in the first 4 years are:

k | q49+k ‘ 14

1 0.005920 1406.19
2 0.006422 2856.55
3 0.006972 4350.89
4 0.007576 5888.85

(v) Pre-contract expense is 1200, assumed incurred at # = 0, and premium expenses of 50 are

incurred with each premium payment, excluding the first.

Calculate the expected emerging profit Pry, £ = 0, 1, 2, 3 and 4, assuming an investment return

of 8% under the contractual arrangements in (a), (b) and (c):

(a) The participating contract pays no dividends during the first 4 years.

(b) From the second policy year onwards, 80% of profit that emerges each year is distributed to
all policyholders as a cash dividend. Surviving policyholders would receive the dividend as
cash, and beneficiaries of the policyholders who die during the year would receive the
dividend as additional death benefit. No dividend is payable in the first policy year. No
dividend is declared if the emerging profit is negative.

(c) From the second policy year onwards, surviving policyholders receive 80% of the profit per
policy as cash dividends. The beneficiaries of the policyholders who die during the year

would not receive the dividend as additional death benefit.
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(d) Consider the arrangement in (b). How much premiums during the first 5 policy years would
a surviving policyholders need to pay if the dividends are not distributed as cash but as a
premium refund?

(e) Consider the arrangement in (c). How much of the profit that emerges from the third year is

distributed as cash?

—— Solution

(a) When the contract pays no dividends during the first 4 years, the profit would not be shared,
and hence we can use the same methodology as illustrated in Chapter 13:
Pro=-1200
Pr; =2500 x 1.08 — 100000 x 0.005920 — 0.99408 x 1406.19 = 710.135
Pr; = (1406.19 + 2500 — 50) x 1.08 — 100000 x 0.006422 — 0.993578 x 2856.55 = 684.280
Pr3 = (2856.55 + 2500 — 50) x 1.08 — 100000 x 0.006972 — 0.993028 x 4350.89 = 713.318
Prs = (4350.89 + 2500 — 50) x 1.08 — 100000 x 0.007576 — 0.992424 x 5888.85 = 743.165
(b) When 80% of the emerging profit (except for the first policy year) are distributed, the profits
calculated in (a) would be denoted by Pr;_, and the dividends are
Divy=0.8Pr;_, fork>1.
Since the dividends have to be distributed no matter if the policyholder survives (distributed
as dividends) or dies (distributed as additional death benefit payable at the end of the year)
Pr; = Pr;- — Divy = 0.2Pr,_, fork>1.

k Din PI‘k

1 0 710.135
2 547.424 136.856
3 570.6544 | 142.6636
4 594.532 148.633

(c) The expected profits generated per policy are the Pry’s in (a). The dividend is distributed
only to surviving policyholders at the end of the year. So

Pry,=Pri — DP49+k Din, for k> 1.

k PI‘k

1 710.135
2 140.372
3 146.642
4 153.137

© Actex 2015 | Johnny Liand Andrew Ng | SoA Exam MLC



Chapter 15: Participating Insurance C1 5_5

(d) In this case the premium payable at time &£ would be deducted by the dividend. So,

k Premium

0 2500

1 2500

2 1952.576

3 1929.3456
4 1905.468

(e) The percentage is 1 — 146.372/713.318 =1 —20.52% = 79.48%, which is less than 80%.
This is because there are no cash distributed for policies who terminate during year 3 and the

whole profit would be grabbed by the insurer.
[ END ]

Example 15.2 11,‘

Consider the policy in Example 15.1 again, but with the following profit sharing mechanism.
From the second policy year onwards, the insurer distributes a cash dividend to holders of
policies which are in force at the year end. The cash dividend is determined using 80% of the
emerging surplus at the year end, if the surplus is positive.

Project the cash dividend for this policy at the end of year 3 for surviving policies.

—— Solution

The goal of the insurer is to distribute 80% of the emerging surplus. Since only surviving

policies would get cash dividends and policies that terminate get nothing, the surviving policies

would get more than 80% of the emerging surplus.

Let the cash dividend to be paid be Divs. The profit after distribution of cash dividend is
713.318 — Divs.

We want
0.2 = 713.318 — p4,Div, —1— Ds; Div,
713.318 713.318
0.8x713.318 570.6544

and hence Div; = =574.661. This is 574.661 / 713.318 = 80.56% of

P ©0.993028

the profits before distribution of the cash dividends.
[ END ]
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Note that in the above example, the dividend for a police in force at the end of the year is
calculated from Divs = 0.8Prs_ / ps,, while in Example 15.1(c), we have Div; = 0.8Pr;_ for
surviving policies and hence the expected dividends to be paid for a policy that is in police at
the beginning of the year is 0.8Pr;_ X ps3. A slight change in wording can give quite different

answer.

You can continue with the calculation of Example 15.1 and 15.2 for £ =5, 6, and so on, and find
all the Pr’s for £ being sufficiently large so that the remaining profits would be negligibly small.
If you do so for Example 15.1, you can verify that the NPV in (b) is 869.4 under a risk adjusted
rate of 10%. However, without the help of a spreadsheet program it is next to impossible to
compute all Pr;’s and then obtain the profit signature and the associated profit measures. In
Exam MLC, it is more likely that they give you the reserves, expenses and mortality for two to

three years and ask you to compute the dividend, just like the following example:

Example 15.3 %&_ﬁ

A life aged 60 purchases a fully discrete participating whole life contract. The sum insured is
100,000. You are given:

(i) Mortality follows the Illustrative Life Table.

(1i1)) The premium is 4000.

(ii1) The insurance company holds full preliminary term reserves.

(iv) Full preliminary term reserves are based on an interest rate of 6% and mortality following
the Illustrative Life Table is used for computing the reserve.

(v) Premium expenses of 50 are incurred with each premium payment, excluding the first.

(vi) Annual profits are computed assuming reserves and premiums earn 8% interest per year.

Calculate the dividend payable 22 years after the issuance of the policy for the following

contractual agreements:

(a) The insurance company would distribute 90% of profit that emerges at the end of each year
from the fifteenth policy year onwards to policyholders (or his / her beneficiaries) as a cash

dividend no matter if the policyholder survives or not.
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(b) The insurance company would distribute 90% of profit that emerges at the end of each year

from the fifteenth policy year onwards is distributed to surviving policyholders as a cash
dividend.

—— Solution

We first compute ,; 7 and 2, V. Because a full preliminary term reserve is used,

LV =100000,, 7,, =100000] 1 - 2L | = 100000(1 _ 50533 j: 48154.4
i, 10.9041
i 4

V7 =100000,,7,, =100000] 1 — =2 |= 100000(1 _ 24063 j: 50419.6
i, 10.9041

Also, gs; = 0.08764.
So, Pry- = (48154.4 + 4000 — 50) x 1.08 — 0.08764 x 100000 — 0.91236 x 50419.6 = 1507.917.
(a) The dividend payable is 0.9Pry,- = 1357.13.
(b) Let the dividend be Div,. We need
0.1=1--2 piy
Iy

0.9xPr,,  1357.13

= = 1487.49.
Pa 0.91236

and hence Divy, =

[ END ]

The examples above are not realistic because they do not consider the possibility of lapses.
However, lapse is very important because the premiums for such policies are high (see the end
of this section for the explanation.) To model lapses, we use the framework introduced in
Chapter 8: deaths (d) occur continuously throughout the year, and lapses (w) may happen

immediately before a premium payment. Let

r(d) r(w)
qx+h and qx+h

be the independent rates of decrement. Then assuming annual premiums are payable at the

beginning of each year, we have

(d) _ 1(d) (w) _ r(d) r(w) (r) _ ,1(d) r(w)
Devh = Dxsn > YDavh = Prin Dsvn > Pin = Pxin (1 — 4 )>

and the profit before dividend is
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SECTION A — Multiple Choice
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**BEGINNING OF EXAMINATION**

1. You are given:
(1)  The force of mortality follows Gompertz’s law with B = 0.00005 and ¢ = 1.1.

(11)  f(z, t + k) 1s the forward interest rate, contracted at time 0, effective from time ¢
tot+k.

(i11)) The following forward interest rates:

t 0 1 2
At 3) 0.05 0.03 0.06

Calculate § 603"

(A) 3.40
(B) 3.4l
(C) 3.42
(D) 3.43

(E) 3.44
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2.  You are given:
(i) A4,=03
(i1) Ax:;‘ =0.55

(iii) 4, =0.315

(iv) 4, =056

(v) Deaths are uniformly distributed over each year of age.
Find 4 ..

(A) 035
(B) 0.38
(C) 0.41
(D) 0.44

(E) 0.47
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3. A certain policy providing a death benefit of 1,000 at the end of the year of death is issued
with a gross premium of 25. Let ;A4S be the asset share at time ¢. You are given:

(i) i=0.03

(i) 1045=170

(iii) Percent of premium expense for the 11" premium is 0.1.

(iv) Expense per 1,000 incurred at the beginning of the 11" year is 2.5.
(v) The probability of decrement by death in the 11" year is 0.003
(vi) The probability of decrement by withdrawal in the 1 1® year is 0.1

(vii) The cash value in the 11" year is ;;CV = 170.

Find 1, 4S.
(A) 169
(B) 171
(C) 185
(D) 190
(E) 196
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4. You are given:
G)  i=0.06
Gi) dy, =10.50
(i) g0 = 0.015
(iv) Using Woolhouse’s formula with three terms, the value of d.;' is .

(v) Assuming uniform distribution of deaths over each year of age, the value of

(2) :
dgy 18 ).

Find 10000(y; — 7).

(A) -6
(B) -3
<€ 0
D) 3

(E) 6
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For a fully discrete whole life insurance of 1000 on (30), you are given:

(i)
(ii)

v 1s the net premium reserve at the end of year £.

10V =180

(iii) A30=0.35065

(iv)

v=0.95

(V) q40=0.02, g4; =0.03

Calculate 1, V.

(A)
(B)
©
(D)
(E)

202

218

222

228

240

Mock Test 7
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SECTION B — Written Answer
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1. (8 points) Let T, be a continuous random variable whose possible values are in (0, ©).
(a) (3 points) Suppose that T has a unique mode at xo > 0.
Show that at xo, £, = p. .

(b) (5 points) Consider the force of mortality

X

M, =A+ forx > 0.

1+ Dc*
Here A>0,B,D >0,and ¢ > 1.
(1)  Find Sy(x).

(i1)) What is the mode of the distribution of 75 when 4 = 0?
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2. (8 points) For two independent future lifetime random variables 7, and T; ), you are given:

(a)
(b)

(©)

o  p=1-1q,0<t<1

e p=1-1¢,0<t<1

e ¢.=0.080and g, = 0.004

(2 points) For 0 <t <1, derive an expression for f;,() in terms of ¢.

(2 points) Calculate the probability that (y) will die within 6 months and will be
predeceased by (x).

(4 points) Let the force of interest be 8%. Calculate
T A2
1000 (IA)Wﬁ ,

the expected present value of $1000¢ dollars payable when x dies at time ¢, if the
death of x happens within 1 year, and if x dies after y.
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3. (8 points) Consider a 3-year term universal life insurance on (50). The death benefit is
$80,000 plus the account value at the end of the year of death. The death benefit is payable
at the end of the year of death. There is no corridor factor requirement. You profit test the
contract using the following basis:

o Premiums of $3,000 each are paid at the beginning of years 1, 2 and 3.

° The projected account values at the end of years 1, 2 and 3 are $1,950, $4,100
and $6,400, respectively.

e  Incurred expenses are $200 at inception, $50 plus 1% of premium at renewal,
$100 on surrender, and $100 on death.

o The surrender charge is $800 for all durations.
. The insurer’s earned rate of interest is 10% for all three years.
. Mortality experience is 120% of the Illustrative Life Table.

o Surrenders occur at year ends only. The surrender rates for years 1, 2 and 3 are
10%, 20% and 100%, respectively.

° The insurer holds the full account value as reserve for the contract.

Find the profit vector.
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Solutions to Mock Test 7

Section A
1. A 11. C
2. A 12. B
3. E 13. E
4. E 14. D
5. B 15. D
6. D 16. C
7. B 17. D
8. C 18. B
9. E 19. B
10. A 20. C

1. [Chapter 12] Answer: (A)
1+ /@23 (1+/(1,3))° N (1+/(0,3)’°

We need to compute §

603 = . For Gompertz’s

Pe 2 Pe1 3 Pso
law,
X+t X
= exp( (Bc )du) = exp( ng .
Inc
We have
1 163 _1 162
Ppe2 = exp| —0.00005 x =0.980858
lnl.l
163 _1 161
2p61 = exp| —0.00005 x =0.963774
" Inll
163 1 160
360 = exp| —0.00005 x =0.948502
lnl.l
2 3
So the answer is 1.06 + 1.03 + 1.05 =3.402.
0.980858 0.963774 0.948502
2. [Chapter 3] Answer: (A)
e ] . 0315
We need to find ,E,. From (i), (iii) and (v), we get 3 =—2= 03
A i
On the other hand, ”‘ =—. So,
Zx; £ 0315 _ 056- E, 0315
AX; JE. 0.3 0.55- E. 0.3
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0.55(0.315) - 0.56(0.3) = (0.315-0.3) E.
E. =035

[Chapter 9] Answer: (E)
By the recursive relation for asset shares,

(170 +0.9x25-2.5)x1.03-1000% 0.003 -170x 0.1  175.7

11AS =
1-0.003-0.1 0.897

=195.875.

[Chapter 4] Answer: (E)

Woolhouse’s formula for whole life annuities is given by

2
. .. m-1 m -1
gm g M-t

* *2m 12m?

2-1 2°-1
Therefore, 7, =10.5—=— — = (In(1.06) + 0.015) =10.245421 .
2x2 12x2

Assuming uniform distribution of deaths over each year of age, we have
i = a(m)ii, - f(m).
From Exam MLC Tables, we obtain (2) = 1.00021, A2) = 0.25739. Therefore,

7 =1.00021 x 10.5 —0.25739 = 10.244815.
Finally, 10000(y — ) = 100000(10.245421 — 10.244815) = 6. Hence, the answer is (E).

(6+u,).

[Chapter 6] Answer: (B)
From statements (iii) and (iv), we can back out the net annual premium:
d=1-v=0.05,

1000d4;,  50x0.35065 _
1-4,,  1-0.35065

1000P,, =

By Fackler’s accumulation formula,

(¥ +2)(1+0)-1000g,,  (180+27)/0.95—20
Do 0.98

N =201.9334,

_ (V+m)(A+1)-1000g,, (201.9334+27)/0.95-30
Pa 0.97

=217.51.

12V

[Chapter 11] Answer: (D)

We need to compute |, qiy. Since the number is attached to (x), we condition on 7, which

has a density of
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1
— 0<1t<100-
£.()=1100—x T
0 t>100—-x
As a result,

I L 100-x ar+ [ 0)\ds
nqu_J‘Otpy x() t_J.O tpyloo_x +J‘1007xtpy( )
_ 1 J.loo_xe_’”dl‘z 1 (1= e #1000y

100 - x Jo (100 —x)u

7. [Chapter 11] Answer: (B)
We calculate 6g50, 6960, and ¢q50:60-
Firstly, ¢¢s0 = 0.9 x 0.03 = 0.027. Secondly, ggso = 0.8 x 0.05 = 0.04.
Thirdly 6g50:60 = 6P50:60 X s6:66 = (0.9 x 0.8) x (1 —0.97 x 0.95) = 0.05652.
Finally, by symmetric relation, the answer is 0.027 + 0.04 — 0.05652 = 0.01048.
8.  [Chapter 8] Answer: (C)
r(1)

From (iii), decrement 1 is SUDD. So x" . = . holds.
(iii) Hyvos 1_0'75%,((1)

From (1),
4 q,"”
197 1-0.75¢'"
197¢'" =4-34."
gV =0.02

Now we can apply the formula for SUDD (Equation (8.6)) to obtain

2 3
125 = q:f”(ovs ——0'725 @ +q') +—°'25 q:f”q:f”j ~0.0148598.
9.  [Chapter 7 + 9] Answer: (E)
(M 4s1-0.011-0.15=0.839.

x+1

The expected profit for a policy that is in force at time 2 is
(61.7+75 x0.94 —2)(1.04) — 1000 x 0.011 — 10 x 0.15 - 136.51 x 0.839 = 8.37611.

The actual probability of survival is 1 — 0.015 — 0.2 = 0.785.
The actual profit for the policy is

(61.7+75x0.95-3)(1.12) — 1000 % 0.015 — 10 x 0.20 — 136.51 x 0.785 = 21.38365.

The anticipated probability of survival p

Since there are 2355/ 0.785 = 3000 policy in force at the beginning of the year, the total
gain is 3000 x (21.38365 — 8.37611) = 39022.62.
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10. [Chapter 10] Answer: (A)

(I) The statement is incorrect. The exit rate for state 0 is 0.02 + 0.03 + 0.01 = 0.06. By
Equation (10.2),
LD =1-0.06h+o(h) .

(II) States 1 and 3 are absorbing states. The Q matrix of the CTMC is

-0.06 0.02 0.03 0.01
0 0 0 0
0.01 0 -0.07 0.06
0 0 0 0

d
KFE says E(fP") =P Q. .For, p”, welook at

2 Y Y S I Y Y K 0.03  0.01
d{ 0 1 0 0| |0 1 0 0 0
d tpf() tpil tpiz tp§3 i\.z_p_f.o____z_.p_il___.t_l_?_iz_ _________ —0.07 0.06 .
0 0 0 1 0 0 0 0 0
p20
As aresult, —*~=-0.06,p2° +0.01, p>* , and hence statement (ii) is also incorrect.
(II1) The differential equation satisfied by , p?' is
dtpm 00
———=0.02,p".
dt tpx
1 — 006!
If, p¥ = —3 is the solution, we can put it into the differential equation above
to obtain

0.02¢ "% =0.02,p%°

0% = p® . However, since state 0 can be re-entered

_ 006t
from state 2, ,p* > p% and this means that , p' = is not the correct

which would gives us , pY’ =e

solution. Thus, statement (III) is incorrect.

11. [Chapter 4] Answer: (C)

We first calculate the mean of ¥, which is actually EX:I—O‘ .

Under constant force of mortality (over age x to x + 10),

-1
a_ = ! (1—eh _1me 63101,
O+ 0.1
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12.

13.

To calculate probabilities involving Y, we first write down the precise definition of Y as a
function of 7:

~0.087,

e 7 7 <10
¥ 0.08

08
1=¢ ~ _688 7.510
0.08

The event “Y < 0.75 x 6.32121 = 4.7409” is equivalent to

—0.087,
1 _ x

<4.7409 or T, <5.9608.
0.08

This means the required probability is

Pr(7, < 5.9608) = 1 — ¢ >8> 092 _ 0 1124,

[Chapters 9 + 16] Answer: (B)

The salary over age (63, 64) is 75,000 x 3.643 / 3.589 = 76,128.45.
The salary over age (64, 65) is 75,000 x 3.698 / 3.589 = 77,277.79.

The death benefit payable at age 62.5 is 75,000 x 3 = 225,000. The probability for this to
occur is 312 / 42680.

The death benefit payable at age 63.5 is 76,128.45 x 3 = 228,385.35. The probability for
this to occur is 284 / 42860.

The death benefit payable at age 64.5 is 77,277.79 x 3 = 231,833.37. The probability for
this to occur is 215 / 42860.

So the APV of the death benefit is

225,000 312 228385.35 284 23183337 215

= x 220 + ~2x =3999.64.
1.06"2 42680 1.06 42680 1.06 42680

[Chapter 9] Answer: (E)

Let the net premium be 7 and the contract premium be G. Decrement due to death is
denoted by (1) and decrement due to withdrawal is denoted by (2).

Since ¢V = 0, the recursion relation for net premium reserves says
1.17=36p” +1000¢"" +36(0.4)g”.
Since ¢4S = 0, the recursion relation for asset shares says

1.1(0.5G) = 18p® +1000¢"” +36(0.4)q®
or

1.1G = 36p"” +2000¢" +72(0.4)q”

X X

Upon subtraction, we get
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14.

15.

16.

1.1(G - 7) = 1000 +36(0.4)">
1.109.36) = 100 +14.4¢®
On solving, we get ¢'” = 0.09.

[Chapter 3] Answer: (D)

The benefit function is ¢”* during the first year (0 < 7 < 1), 2% during the second year
(1 <1<2), and 3¢"*" during the third year (2 < ¢ < 3), and so on, up to the tenth year.

The APV of this insurance is

[oyt e = [ [r+1]e" e 0,016 dr = 0.01[ " [1+1dr

= 0.01(14+2+3+...+10) = 0.01(“;10] = 0.55

[Chapter 12] Answer: (D)

Let Z be the present value random variable for a discrete whole life insurance of $1 on (x).
It is known that Var(Z) = (*4so — (4s0)°) .

We can express the random variable U as follows:

1 N
U:W;MZI.,

where Z;’s are mutually independent and are identically distributed as Z. It follows that

N N
Var(U) = Var(%ZMZij = %Var(z MZ,}
i=1

i=1

1 & 1 &
= FZVar(MZl.) = FZMZVar(Zl.)
i=1 i=1
_ M*NVar(Z) M?*Var(Z)
N® N
Hence, Var(U) = M *(*4so — (As0)*)/N.

[Chapter 10] Answer: (C)

The EPV of the benefitis 5000[ e (, p a1, + p%'u%, )dt .

The first part of the EPV comes from a direct transition from state 0 to 2, without going
through state 1. The second part of the EPV comes from a transition from state 0 to state 1
and then to state 2.

Since v°,, = 0.2+0.087 +0.05+0.05f = 0.25+0.13¢,
Y = exp(— | ;(0.25 +0.13s)dsj = exp(—0.25¢ — 0.065¢2)
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17.

18.

19.

20.

So, g(1.5) = 5000e (%212 x 0.125 + 0.1087 x 0.18375) = 450.26.

[Chapter 11 + 14] Answer: (D)
The account value at the end of month 12 is

10x2.8
1.004

So, the cash surrender value is 1857.01 — 400 = 1457.01.

The insured is age 61 when he surrenders.

AV, =(1800+95%0.9 -8 -

)*x 1.004 = 1857.01.

The expected present value of the annuity is

0.4Pii,, +0.6Pi

61:51

= P(0.4ii,5, + 0.6, +0.6i,, —0.60i,,)
= P(0.6x13.0803 + 0.6 x10.9041 — 0.2 x 9.9409)

= 12.40246
1457.01 _ 1o

So the annuity has an annual payment of P = =
12.40246

[Chapter 3, 4 and 5] Answer: (B)

For the standard population, A4, = 0.005 + 0995 x 0.4 =0.3838095

1.05  1.05

dA
So, 0.001 P = —2- =0.0296607.

450
For this particular life,

A w2 00025 09975 4 3823810,

%0 1.05 1.05
1Ayt

=12.97

dSO*
So, E(oL) = 1000(0.3823810 — 0.0296607 x 12.97) = —-0.0023 x 1000 = -2.3.

[Chapter 7] Answer: (B)

This is like the set up of FPT reserve, just that the valuation premiums during the first two
years completely offset the cost of insurances during the first two years. As a result,

L™ =5000,,7,, = 5000| 1 - 22 | = 5000(1— 145510] =361
iy 15.6831

[Chapter 12] Answer: (C)

From (iv), at 4% interest,

a 4.3686

80:4]

870 1

1000104 02
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A - =0.1655 0 15 =0.077554

so3) 7 10001.04* 1000 1.04°
Now we add back the APV of the cash flows on or after time 4:
i - =3.62492 +0.87/1.05* = 4.34067

80:5|

A~ =0.077554 +0.05/1.05* + 0.055 / 1.07° = 0.1579034

80:5]

The net annual premium is 10000 x 0.1579034 / 4.34067 = 363.8.

Section B

1. [Chapter 1]
(a) fo(x) = So(x). By product rule,
d d d
afo (x) =, aso (x)+S, (x)a/"x
= S, (), = p47)
So(x) > 0 for any 0 < x < c0. At point xo, f,(x) must have to be zero. This gives the
result desired.

x x B! B B 1+ Dc”
b) (i dt = Ax+ dt = Ax+ In(1+ Dc")]; = Ax + In .
®) ©) IOM J.01+Dct Dlnc[ ( My DIlnc 1+D
B 1+ Dc*
So, So(x) = exp| — Ax — In .
o) p( Dlnc 14D J
(ii) It is easy to see that x| =Bc—lnc2 and hence
(1+ Dc™)
, ) Bc'Inc B*c*
He—H, =

T (1+DcY): (1+Det)?
_ (Blnc)c* - B*c*
1+ Dc")?

_ Bc*(Inc—Bc™)
© (1+Dc")

In(Inc)-InB

For ifo (x)=0,Inc - Bc* =0, and hence x, =
dx Inc

N

[Chapter 11]
@) Fo(§) = gy =1 — peupy = 7q: + g, — t* qug, = 0.084¢ — 0.00032¢*,
and by differentiation, f,,(f) = 0.168¢ — 0.00128°.
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0.5 0.5 0.5 2 ) 0.5 3
(b) jo thfy(t)dtz.[o .q.d(,q,) = jo 0.08°d(0.004¢ )=0.00064j0 £3dt = 0.00001

(c) 1000] e™7,q, £, (1)de =1000[ e **1'q, 21q dr = 0.64] ¥ ¢*dr

Ly _ 1 14 —kt __eik 4 Vs __eik 4 13 —kt
jote dt——zjot de ) =— +Zj0te dr=— —k—z.[otd(e )
—e* 4et 1201, —e* 4et 120,
=— ot dt = PR K d(e™)

l-e™* _k
-k —k -k -k -k -k -
_ z 3 4;2 3 12ke3 +Ii_431J~01te_ktdt _ Z _4e 12e N 24

RS k
— —k
ay, —

(where we have used '[01 te™dt = (I_c_z)ﬂk = in the last step)

so that I; e "% 4dr=0.187113, and hence the EPV is 0.11975.

3. [Chapter 14]

At time 0

Initial expenses: 200

Pry: -200

At time 1

AV()I 0

AVi: 1950

P 3000

Eq: 0 (since initial expenses are incorporated in Pry)
EDB;: 1.2 x 0.00592 x (80000 + 1950 + 100) = 582.8832

[Note: This is a specified amount plus the account value (Type B) policy. In the absence of
any corridor factor requirement, the death benefit is $80000 plus the time-1 account value
of $1950. The value 0.00592 is obtained from the Illustrative Life Table.]

ESB;: (1-1.2x%0.00592) x 0.1 x (1950 — 800 + 100) = 124.112.

[Note: The cash value CV; is the account value AV, = 1950 less the surrender charge SC,
= 800.]

EAV;: (1-1.2x%0.00592)(1 —0.1)(1950) = 1742.5325

Pry: (0 +3000—0)(1.1) —582.8832 — 124.112 — 1742.5325 = 850.4723

The answer is thus (A). Of course you can continue to calculate Pr, and Prs:

At time 2

AVy: 1950

AV,: 4100

P;: 3000

Ey: 50 +0.01 x 3000 = 80

EDB;: 1.2 x 0.00642 x (80000 + 4100 + 100) = 648.6768
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T7-38
ESB.: (1-1.2x0.00642) x 0.2 x (4100 — 800 + 100) = 674.7613
EAV,: (1-1.2x0.00642)(1 —0.2)(4100) = 3254.7309
Pr»: (1950 + 3000 — 80)(1.1) — 648.6768 — 674.7613 — 3254.7309 = 778.831
At time 3
AV,: 4100
AVs: 6400
Ps: 3000
E;: 50 +0.01 x 3000 = 80
EDB;: 1.2 x 0.00697 x (80000 + 6400 + 100) = 723.486
ESB;: (1-1.2x0.00697) x 1 x (6400 — 800 + 100) = 5652.3252
EAV;: (1-1.2x0.00697)(1 — 1)(6400) =0

[Note: The surrender rate for £ = 3 is 100%, which means all policyholders surrender at the
end of the term. Hence, EAV; must be zero.]
Prs: (4100 + 3000 — 80)(1.1) — 723.486 — 5652.3252 — 0 = 1346.1888

Therefore, the profit vector is given by (—200, 850, 779, 1346)'.

[Chapter 2]

We are given:

X q[x] q[x}+1 qx+2 x+2
84 0.30445 86
85 qs7 87
86 0.35360 88
87 0.38020 89

By using the information from statements (i) and (ii), we obtain

X qix] qx1+1 qx+2 x+2
84 0.30445 86
85 0.152225 qs7 87
86 0.152225 0.5gs7 0.35360 88
87 0.5gs7 0.1768 0.38020 89

The trick to solve this question is to make use of the fact that of /j3) and /37; would evolve
to lg9. Fil’Sﬂy,

I = lig7) prs7 prse1 = lg7y (1 = 0.5¢37)(1 = 0.1768).
Similarly,
Iso = l186) Prse) Prse+1 pss=1000 x (1 —0.152225)(1 — 0.5¢gs7)(1 — 0.35360)
As aresult,
1000 x (1 — 0.152225)(1 — 0.5gs7)(1 — 0.35360) = £1s7; (1 — 0.5¢s7)(1 — 0.1768)

1000(1 - 0.152225)(1 — 0.35360)
1-0.1768

=0665.697.

On solving, we get /7] =
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Suggested Solutions to MLC April 2015

Section A: Multiple Choice Questions

1 B 11. D
2 C 12. B
3 B 13. B
4 D 14. A
5 A 15. E
6 C 16. D
7 C 17. A
8 E 18. D
9. C 19. E
10. D 20. C

1. [Chapter 2] Answer: (B)

Let [; = 1 if the ith members who are age 35 now is alive 30 years after the clue is
established, and 0 otherwise. Similarly, let J; = 1 if the ith members who are age 45 now is
alive 30 years after the clue is established, and 0 otherwise. Then

1000

N=Y(+J).

Since the /;’s and J;’s are independent, and follow B(1, 30p3s) and B(1, 3pas), respectively,

EN)= SE()+EW)] Var(V)= 3 [Var(Z,) + Var(J,)]

~1000[E(Z,) + E(J,)] ~1000[Var(1,) + Var(J,)]
=1000(,,ps5 + 10Pss) =1000(,0P35 10935 + 10P4s 1094s)

Since 30035 = Z65 / 135 =7533964 / 9420657 = 0.799728
and 3opas = l75 / lss = 5396081 / 9164051 = 0.588831,

E(N) = 1388.559 and Var(N) = 402.2721.
By normal approximation (without the continuity correction),

n—1388.559

v402.2721

So n > 1421.553 and the least integer value of n is 1422.

>1.645.

2. [Chapter 10] Answer: (C)

The probability of the event A, that the life healthy at 50 would be disabled first time
(counting from age 50) for a period of at least 1 year, starting age 50 + s, is
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Pr(4,) =, p3h (4., ds) P, =" 0.02¢"ds .

Noting that the events 4, above are mutually exclusive for different values of s (because of
the condition disabled “first time”), the required probability is obtained by integrating
(actually the same as summing if ds is not involved in the probability above) s from 0 to
14 (not 15, because we need the extra one year to fulfil the 1 year disability):

—0.05x14

[ M 0050 026 ds = 0.02¢ 1 1 7C —0.18039.
0 0.05

[Chapter 11] Answer: (B)
Noting that transition from state 0 to state 1 or state 2 are irreversible, ,, Py, = 10p§330 .
To this end, the exit rate for state 0 is

Viosson = Hsoesors + Hiogaor, = 0-02+0.0007 x 107577

0.0007 x1.075%°
In1.075

[ 80t = 0.02x10 + (1.075" —1) =0.289912,

and hence the answer required is e ***°'? = 0.74833.

[Chapter 3] Answer: (D)

0 0 0
v 0

Rewrite the random variableas Z =< . +7 , — 0" Z,+7Z,-7,.
vy

(If you wonder why we use this particular decomposition, the hint is that in the options
given, most of them, except (C), starts with |, 4, or its equivalent. So we first create the

present value random variable that corresponds to this APV, and then build up the 2 in the
layer 20 < T < 30, and finally subtract the extra part for 7, > 30.)

Hence, the correct expression for E(2) is A, + 20|Zx - 230‘1 .

(A): It misses the coefficient “2” for the last term.
(B): The expression for (B) is equivalent to Zx+2O‘ZX —230|Zx. Hence the first term is not

correct.
(C): The first term is not correct.
(D): This is equivalent to the expression above.
(E): This expression can be rearranged as

0k A +o0E A —10E, IOEX+20Ax+3O = 10\Ax + 20\A

- IOEx 10] Ax+20 ’

x“Tx+10 X

and hence the last term is not correct.
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S-88

Section B: Written Answer

1.  [Chapter 10]

(a) Let v(¢) be the present value (at time 0) of 1 dollar payable at time z.
Let I(A4) be 1 if event 4 occurs, and 0 otherwise. Then E(/(4) | B) = Pr(4 | B).

For any state j,
ag = EDJOVU)I (Y(x+1)=j)dt ‘ Y(x)= 0}
- Jomv(f)EU(Y(x +1) = j) | Y(x) = 0]ds

10
= .[0 V(l‘)tpxldt

The sum required is

@55 = Z J, vopta = v(t)(z P sz = ["wdr=ay.

o
(b) Using (a), we get a’ 10‘ = ay; —EE?—()' _gn ] Oel —4.49-1.36 =0.4712056.

x10]

EPV of all benefits = EPV of continuous disability benefits + EPV of death benefit
= 1000z .. +100004 *

x10] x10]
=1000 x 0.4712056 + 10000 x 0.3871 =4342.206
The net premium rate is 4342.206 =967.08365 = 967.
4.49
(c) By Thiele’s differential equation for reserves,
2
%J/(O) =, +6 V" =Y b+ V= vy Ol
Jj=1
At time 3, when the state is 0, the premium rate is 967. The transition benefit to state 1
i1s 0, while the transition benefit to state 2 is the death benefit, which is 10000. So,

%y“” =967 +0.1x1304.54 — (0 + 7530.09 —1304.54) x 0.04 — (10000 + 0 —1304.54) x 0.06
=170.16

d ,,p” = exp(— [ Omvmdt) - exp[— ["©0.04+ 0.02t)dt} = 000N _ ot

Let P* be the new net premium rate.

To get the refund of premium, no any transition can occur within 10 years. This means
EPV of all benefits is the original EPV of benefits plus the EPV of refund of premiums
= 4342206 + 10P* & 1“0 x  p®

=4342.206 + 0.90718P*

By the equivalence principle,

4342.206 + 0.90718P* = 4.49P*
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