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CHAPTER 7

Derivatives

7.1 Derivatives

7.1.1 Risk sharing Real life is full of potential risks. A risk is a contingent financial loss. For
example, the burning of house, an accident, a death, etc, are (contingent) uncertain events which
have financial consequences. These financial losses can be catastrophic for a particular individual
(or family). But, societies have created ways to deal with financial risks. A few centuries ago
in some communities, if a community member’s house burned down, the community would pitch
together to rebuild the house. Although, a particular individual cannot sustain a particular risk, a
community can pool together to overcome risks. In modern societies, the main way to transfer the
individual uncertainty into a pool of individuals is done through the insurance industry. There
is a business opportunity in managing the risks which individuals can face. The motto of the
Society of Actuaries is Risk is Opportunity. Social Security also offers a safety net against
risk. These methods of facing risks have in common that they use risk sharing. Everybody (the
lucky and unlucky) contribute to cover the cost of a catastrophe. Insurance companies combine
the insurance payments into a pool of money and use this money to reimburse the insurees who
submit a claim.

In the business world changes in commodity prices, currency exchange rates and interest rates
are potential risks. Their prices can either increase dramatically or collapse. A farmer faces
the possible fall of the price of his/her crop. Surging oil prices can wipe out airlines’ profits.
Manufacturing companies face high rising prices of commodities. An importer of goods from
Canada faces financial insecurity due to possible changes in exchange rates. The loan payments
taken by a company can vary according with the flexible interest rate taken on the loan. These
changes in prices could hurt the viability of a business. The change of price of assets over time
is risk called the price volatility risk. A measure of the price volatility risk is the standard
deviation of the asset’s price over time.

Many of the risks faced by business are diversifiable. A risk is diversifiable if it is unrelated
to another risk. Markets permit diversifiable risks to be widely shared. A financial institution can
offer the service of protecting parties with combinable risks. Again there is a business opportunity
in managing these combinable risks (Risk is Opportunity). Risk is nondiversifiable when it
does vanish when spread across many investors. A way to do risk sharing for companies is to do
contracts to avoid risks.

7.1.2 Derivatives.

Definition 7.1. A derivative is a contract which specifies the right or obligation to receive or
deliver certain asset for a certain price. The value of a derivative contract depends on the value
of another asset.

339



340 CHAPTER 7. DERIVATIVES

Example 7.1. Suppose that a farmer grows wheat and a baker makes bread using wheat and
other ingredients. If the price of the wheat decreases, the farmer loses money. If the price of the
wheat increases, the baker loses money. Both the farmer and the baker faces price volatility risk. In
order to avoid possible financial losses which may jeopardy their businesss profitability, the farmer
and the baker can agree to sell/buy wheat one year from now at a certain price. The contract they
enter is a deriwative. It is a win—win contract for both of them. The two risks are diversifiable.
Usually, the contract is not made directly between them. A market—maker or scalper makes a
contract with the farmer and another with the baker. The farmer and the baker enter into this
contract to do hedging. Hedging means to minimize risk.

Example 7.2. An airline company faces rising oil prices, which mean increasing costs and the
risk of reduced profits, even losses. If oil prices rise above $80 per barrel the airline company will
lose money. An oil company plans to build an oil platform. For the project to be financially viable
it must be able to sell oil in one year at least for $40 per barrel. Both companies face risk when oil
prices change in opposite directions. They can make a contract so that the airline company buys
one million of barrels from the oil company one year from now at $60 per barrel. This contact
will be a win—win situation for both parties. As before a financial institution will make separate
contracts with each party and make a profit for its service.

Derivatives are traded because the parties entering the contract believe that they will benefit
from the contract. In the case of a scalper, a scalper runs derivatives to make a living. He can do
that because there are enough people interested in opposite needs, i.e. the risk associated with
these derivatives are diversifiable. A market—maker is a person or firm that stands ready to buy
and sell a particular asset or financial instrument on a regular and continuous basis at a quoted
price.

They are several possible reasons to enter into a derivative market:

¢ Risk management. Parties enter derivatives to avoid risks, like the farmer and the baker
in Example 7.1, or a cattle producer and a hamburger chain.

e Speculation. Someone having more information on the possible evolution of the price com-
modity can bet that the price of a commodity will go in a certain way and make money.
Suppose that Mr. Smith works for the National Weather Service. He believes that next year
there will be a bad crop of wheat. He could speculate by buying the farmer’s wheat at the
price set—up for next year. A market-maker enters into derivatives to make money in this
transaction.

e Reduce transaction costs. A business can enter into a derivative contract instead of
buying in the regular market and pay different costs for delivery. A firm can use derivatives
to borrow money at a rate lower than the current rate. This can happen specially if the firm
is not very solvent.

e Arbitrage. When derivatives are miss priced, investors can make a profit from trading into
derivatives.

e Regulatory arbitrage. Sometimes business enter into derivatives to get around regulatory
limitations, accounting regulations and taxes.
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in a year. To this price, insurance costs has to be added. The call holder is hedging against high
prices of an asset. He has to pay for that. Hence, Call(K,T) > E[max(0, Sy — K)](1 +4)~T

Table 7.4 shows the premium of a call option for different strike prices. We have used Sy = 75,
T=106=0206=0,r=In(105).

Table 7.4:

K | 65 70 75 80 85
Call(K,T) | 14.31722 10.75552 7.78971 5.444947 3.630736

Example 7.49. The current price of XYZ stock is $75 per share. The annual effective rate of
interest is 5%. The redemption time is one year from now. The price of stock one year from now
is $73.5. Calculate the profit per share at expiration for the holder of each one of the call options
in Table 7.4.

Solution: The profit is
max (S — K,0) — (1.05)Call(K,T) = max(73.5 — K,0) — (1.05)Call(K,T).
The corresponding profits are:

if K =65, profit = max(73.5 — 65,0) — (1.05)(14.31722) = —6.533081,

if K =70, profit = max(73.5 — 70,0) — (1.05)(10.75552) = —7.793296,

if K =75, profit = max(73.5 — 75,0) — (1.05)(7.78971) = —8.1791955,

if K =80, profit = max(73.5 — 80,0) — (1.05)(5.444947) = —5.71719435,
( 0) — (1.05)( ) =

it K =85, profit = max(73.5 — 85, 1.05)(3.680736) = —3.8647728.

If K is very small, the call option will almost certainly be executed. Hence, if K is very small,
Call(K,T) = Fyr, ie. Klir% Call(K,T) = For. If K is very large, the call option will almost
—0+

certainly not be executed. Hence, I}im Call(K,T) = 0. As a function on K, Call(K,T) is a
decreasing function with Khr&r Call(K,T) = Fyr and limg_, Call(K,T) = 0. Figure 7.9 shows
the graph of Call(K,T) as a function of T

Example 7.50. Using the Black—Scholes formula with T = 1, Sy = 100, T' =1, 0 = 0.25,
r =1In(1.06) and § = 0.0, the following table of call option premiums was obtained:

Call(K7T)‘76.4150 52.8366 30.0399 12.7562 4.1341 0.8417 0.2672 0.0605
K ‘ 25 50 75 100 125 150 175 200

Figure 7.9 shows the graph of this function.

When we consider Call(K,T') as function of 7. If T' is small enough, then the option will be
exercised if Sy > K with a profit of Sy — K. Hence, if Sq > K, Tlir(r)1+ Call(K,T) = Sy — K. Notice
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Figure 7.9: Example 7.50. Graph of Call(K,T') as a function of K.

that by buying the call option for Call(K, T, we buy an asset worth Sy for K. If T" is small enough
and Sy < K, the option is not exercised and his value is zero, i.e. Th%l Call(K,T) =0.
—0+

An option is in—the—money option if it would have a positive payoft if exercised immediately.
An option is out—the—money option if it would have a negative payoff if exercised immediately.
An option is at—the—money option if it would have a zero payoff if exercised immediately. The
previous definition hold for both call and put options. Put options will considered shortly. For a
purchased call option, we have

e The purchased call option is in—the—money, if S5 > K.

e The purchased call option is out—the-money, if Sy < K.

e The purchased call option is at-the-money, if Sy = K.

7.5 Put options

Definition 7.7. A put option is a financial contract which gives the (holder) owner the
right, but not the obligation, to sell a specified amount of a given security at a specified price at a
specified time.

The put option owner exercises the option by selling the asset at the specified call price to
the put writer. A put option is executed only if the put owner decides to do so. A put option
owner executes a put option only when it benefits him, i.e. when the specified call price is bigger
than the current (market value) spot price. Since the owner of a put option can make money if
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the option is exercised, put options are sold. The owner of the put option must pay to its
counterpart for holding a put option. The price of a put option is called its premium.

Put(K,T) denotes the premium of a K-strike option for one unit with expiration time 7.
Notice that Put(K,T) > 0. The premium of a put option for N units is NPut(K,T').

The (owner) buyer of a put option is called the put option holder. The holder of a put is
said to have a long put position. The seller of a put option is called the put option writer.
The writer of a put is said to have a short put position.

The dates when a put option can be exercised are determined by the type of the option. There
are European, American and Bermudan types of put options. The exercise time for these types of
put options are defined similarly to the exercise time of a call option. Unless said otherwise, we
assume that all put options are European.

Example 7.51. John buys a siz—month put option for 150 shares with a strike price of $45
per share.

(i) If the price per share six months from now is $40, John sells 150 shares to the put option
writer for (150)(45) = 6750. Since the market value of these 150 shares is (150)(40) = 6000. John
makes (before expenses) 6750 — 6000 = 750 on this contract.

(i) If the price per share siz months from now is $50, John does not exercise the put option.

max(0, K — St) —max(0, K — St)

ST ST

Payoff for the put option holder Payoff for the put option writer

Figure 7.10: Payoff of a put option

The put option buyer’s payoff per share is

K—ST ifST<K,

K — Sp,0) =
max(& = 5r,0) {0 it 8y > K,
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where K is the strike price and St is the spot price at redemption. The put option writer’s payoff

per share is

—maX(K _ ST,O) _ {;(K - ST)

if Sp < K,
if Sy > K,

Figure 7.10 shows the graph of the payoff of a put option. A put option is a zero—sum game.

payoff minimum payoff | maximum payoff
put option holder | max(K — Sz, 0) 0 K
put option writer | — max(K — St,0) —-K 0

Example 7.52. Daniel buys a 55—strike put option on XYZ stock with a nominal amount of

5000 shares.
1s 5000 shares of XYZ stock.

The expiration date is 6 months from now. The nominal amount of the put option

(i) Calculate Daniel’s payoff for the following spot prices per share at expiration: 40, 45, 55,

60, 60.

(11) Calculate Daniel’s minimum and maximum payoffs.

Solution: (i) Daniel’s payoff is 5000 max(55 — S, 0). The corresponding payoffs are:

if Sp =40, payoft
if Sp =45, payoft
if S =50, payoff
if S7 = 55, payoff
if S =60, payoff

(5000)
(5000) m
(5000) m
(5000) m
(5000)

5000
5000

= 75000,

= 25000,

max(55 — 40,0) =
ax(55 — 45,0) = 50000,
ax(bb — 50,0) =
ax(55 — 55,0) =
max (55 — 60,0) =

(ii) Daniel’s minimum payoff is zero. Daniel’s maximum payoff is (5000)(55) = 275000.

Example 7.53. Isabella sells a 55—strike put option on XYZ stock. The expiration date is 18
months from now. The nominal amount of the put option is 10000 shares of XYZ stock.

(i) Calculate Isabella’s payoff for the following spot prices per share at expiration: 40, 45, 55,

60, 60.

(i1) Calculate Isabella’s minimum and mazimum payoffs.

Solution: (i) Isabella’s payoff is —10000 max(55 — Sr,0). The corresponding payoffs are:

if Sp = 40,
if Sp = 45,
if Sy = 50,
if Sp = 55,
if Sy = 60,

payoff = —(10000
payoff = —(10000
payoff = —(10000
payoff = —(10000

(ii) Isabella’s minimum payoff is —(10000)(55)

( ) max( ) =
( ) max( ) =
payoff = —(10000) max(55 — 50,0) =
( ) max( ) =
( ) max( ) =

ax(55 — 40,0
ax (55 — 45,0

ax(55 — 55,0
ax(55 — 60,0

—150000,
—100000,
—50000,

—550000. Isabella’s maximum payoff is zero.
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Let Put(K,T") be the premium per unit paid of a put option with strike price K and expiration
time 7" years. Notice that Put(K,7T") > 0. Let ¢ be the risk free annual effective rate of interest.
The put option holder’s profit is

K—ST—Put(K,T)(1+Z)T if Sp < K,

K — 57,0) = Put(K, T)(1 + )" =
maX( T ) u( )( Z) {—Put(K,T)(l‘i‘i)T it Sp > K.

Put(K,T)(1 +4)" is the future value at time T of the purchase price. The put option writer’s
profit is

K + Sr+Put(K,T)(1+ )T if Sy < K,

— K — S7,0) + Put(K, T)(1 + )" =
maX( T ) u( )( Z) {Put(K,T)(1+Z)T if STZK

Figure 7.11 shows a graph of the put profit.

max(K — S7,0) — P(1 +i)7 P(1+4)T — max(K — St,0)
+ K—-P1+i)T
K Sr 1 P(l + ’i)T
I ‘ K Sr
—P(1+4)T
¥ P+ - K
Profit for the put option holder Profit for the put option writer

Figure 7.11: Profit of a put option

profit minimum profit maximum profit
put holder | max(K — Sr,0) — Put(K,T)e"" —Put(K, T)e™ K — Put(K,T)e™
put writer | —max(K — Sr,0) + Put(K,T)e™” | =K + Put(K,T)e™ Put(K,T)e™

Notice that the put option holder’s profit as a function of St is nonincreasing. The put option
holder benefits from a decrease on the spot price. The minimum of the put option holder’s profit

1S
—Put(K,T)(1414)".

The maximum of the put option’s holder profit is K — Put(K,T)(1 + ). If there exists no
arbitrage
—Put(K, T)(1+4)" <0< K —Put(K,T)(1+4)",
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which is equivalent to
0<Put(K,T) < K(1+4)"".
Theorem 7.1. If there exists no arbitrage, then
max((1+414)"7K — Sp,0) < Put(K,T) < K(1 +1i)"T.

Proof. Consider the portfolio consisting of buying an asset and a put option on this asset,
both for the same notional amount. The profit at expiration is

S+ max(K — S7,0) — So(1 + )" — Put(K,T)(1 +4)"
=max(K, S) — (Put(K,T) + Sp)(1 +1)”.

The maximum profit is co. The minimum profit is K — (Put(K,T)+Sy)(1+4)T. If there exists no
arbitrage K — (Put(K,T) + Sp)(1 +1)" < 0, which is equivalent to (1 +1i) 7K — Sy < Put(K, T).
From this bound and the bounds before the theorem, the claim follows. O

Example 7.54. The current price of XYZ stock is 160 per share. The annual effective interest
rate is 7%. The price of a one—year European 200-strike put option for XYZ stock is $20 per share.
Find an arbitrage strategy and the minimum profit per share.

Solution: We have that
Put(K,T) + So — (1 +4) T K = 20 + 160 — (200)(1.07) "' = —6.91588785 < 0.

The put premium is too low. Consider the portfolio consisting of buying the put and the stock,
both for the same nominal amount. The profit per share is

max (200 — S7,0) — 20(1.07) + Sy — 160(1.07) = max(200, St) — 192.6.
The minimum profit per share is 200 — 192.6 = 7.4.
Example 7.55. The current price of XYZ stock is 160 per share. The annual effective interest

rate is 7%. The price of a one—year European 200-strike put option for XYZ stock is $190 per
share. Find an arbitrage strategy and the minimum profit per share.

Solution: We have that
(1+4)"TK —Put(K,T) = (200)(1.07)"" — 190 = —3.08411215 < 0.

The put is overpriced. Consider the portfolio consisting of selling the put. The profit per share is
190(1.07) — max(200 — Sr,0). The minimum profit per share is 190(1.07) — 200 = 3.3.

The profit of a put option holder is positive if
max(K — Sz,0) — Put(K,T)(1+4)" >0,

which is equivalent to
K —Put(K,T)(1+4)" > Sr.

If K —Put(K,T)(1+i)" < Sr, the put option holder’s profit is negative.



384 CHAPTER 7. DERIVATIVES

Example 7.56. Ashley buys a 85-strike put option for 4.3185816 per share. The nominal
amount of the put option is 2500 shares of XYZ stock. The expiration date of this option is one
year. The annual interest rate compounded continuously is 5%.

(i) Calculate Ashley’s profit function.

(i1) Calculate Ashley’s profit for the following spot prices at expiration: 75, 80, 85, 90, 95.
(i1i) Calculate Ashley’s minimum and mazimum profits.

(iv) Calculate the spot prices at which Ashley’s profit is positive.

(v) Calculate the spot price at expiration at which Ashley breaks even.

(vi) Calculate Ashley’s annual yield in her investment for the spot prices at expiration in (ii).

Solution:(i) Ashley’s profit is
(2500)(max (85 — St,0) — 4.3185816e**) = (2500) max(85 — Sz, 0) — 11350.

(ii) The profits corresponding to the considered spot prices are:

if Sy =75, profit = (2500) max(85 — 75,0) — 11350 = 13650,
if Sp = 80, profit = (2500) max(85 — 80,0) — 11350 = 1150,

if S = 85, profit = (2500) max(85 — 85, 0) — 11350 = —11350,
if S =90, profit = (2500) max(85 — 90, 0) — 11350 = —11350,
if Sp = 95, profit = (2500) max(85 — 95,0) — 11350 = —11350.

(iii) Ashley’s minimum profit is —11350. Ashley’s maximum profit is (2500)(85) — 11350 =
201150.

(iv) Ashley’s profit is positive if (2500) max(85 — Sr,0) — 11350 > 0, which is equivalent to

11350
Sy < 85 — 1350 — g0 46,

(v) Ashley breaks even if (2500) max (85 — Sy, 0) — 11350 = 0, i.e. if Sp =85 — 1320 = 80.46.

(vi) Ashley invests (2500)(4.3185816) = 10796.454. Ashley’s return in her investment is
(2500) max(85—S7,0). Let j be Ashley’s annual yield. Then, 10796.454(1+7)°%® = (2500) max (85—

2
St,0). Hence, j = <(2500)1151?9Xéi5525“0)> — 1 and

if Sp = 75,j = ((2500)$3368j5 v 75,0) ) 1 = 436.1888022%,
it Sy — 80, — ( (2500) 3336855 v 80.0) > — 1 = 34.04720055%,
if Sp = 85,5 = ( (2500) 3236855; 8,0) > — —100%,
if Sp = 90,5 — ( (2500) 1“5?;{68455; %0,0) ) — —100%,
if Sp=95,j = ( (2500) 113336 455; 9.0) > = —100%.



