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Introduction
As you begin your preparation for the Society of Actuaries’ Exam FM, you
should be aware that studying Financial Mathematics (or “interest theory,” as I
prefer to call it) is not a matter of learning mathematics. Instead, financial
mathematics involves applying mathematics to situations that involve financial
transactions. This will require you to learn a new language, the language of the
financial world, and then to apply your existing math skills to solve problems
that are presented in this new language. It is important that you spend adequate
time to fully understand the meanings of all the terms that will be introduced in
this manual. Nearly all of the problems on Exam FM will be word problems
(rather than just formulas), and it is very difficult to solve these problems
unless you understand the language that is being used.
In this manual, we assume that you have a solid working knowledge of
differential and integral calculus and some familiarity with probability. We also
assume that you have an excellent knowledge of algebraic methods. Depending
on what mathematics courses you have taken (and how recently), you may need
to review these topics in order to understand some of the material and work the
problems in this manual.
Throughout this manual, a large number of the examples and practice problems
are solved using the Texas Instruments BA II Plus calculator, which is the
financial calculator approved for use on Exam FM. It is essential for you to
have a BA II Plus calculator in order to understand the solutions presented
here, and also to solve the problems on the actual exam. This calculator is
available in a standard model, and also as the “BA II Plus Professional.” The
Professional model, which is somewhat more expensive than the standard
model, is a bit easier to work with, which could be important when taking a
timed exam.
At the end of Volume II is an appendix with information about the BA II Plus.
This appendix is included to help you learn the calculator’s functions and adjust
its settings so that you will be able to solve problems more quickly. Very
importantly, the appendix explains that your calculator will be “reset” by the
exam staff when you check in to take Exam FM, and provides instructions for
returning the calculator to the settings you prefer. Reading this material will
help you avoid having calculator difficulties on the day of your exam.
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Introduction

Over the years, most actuarial students have found that the best way to prepare
for Exam FM is to work a very large number of problems (hundreds and
hundreds of problems). There are many examples, exercises, problems, and
practice exams included in this manual. Many more problems can be found on
the Society of Actuaries website (www.soa.org) or by searching the Web. You
should plan to spend a significant proportion of your study time working
problems and reviewing the solutions that are provided in this manual and on
the websites.
Financial mathematics is an integral part of an actuary’s skill set, and you can
expect to apply interest theory regularly throughout your career. Mastering the
topics covered in this manual will provide you a valuable tool for understanding
financial and economic matters both on and off the job.
Best of luck to you in learning Financial Mathematics and passing Exam FM!
John Dinius
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Module
A nnu ities
Section 2.1
Introduction to Annuities

Many financial transactions involve a series of periodic payments. Mortgage
and car loan payments are usually made monthly. A retiree’s pension plan
typically pays a set amount at the beginning of every month. Premiums for an
insurance policy might be paid monthly, quarterly, semi-annually, or annually.
Series of regular payments such as these are called annuities. If the payments
continue for a fixed period (e.g., 10 years), the annuity is called an annuitycertain. If the payment period is not fixed (e.g., a pension plan that makes
monthly payments only as long as the retiree survives), it is a contingent
annuity. (In the case of the pension, it is a “life-contingent annuity,” or simply a
“life annuity.”) Exam FM deals with annuities-certain. Contingent annuities are
covered in later exams.
A unit annuity is one for which each periodic payment is 1. Annuity payments
may be made at the beginning or the end of each time period. If an annuity’s
payments occur at the end of each period, it is called an annuity-immediate. If
the payments are made at the beginning of each period, it is an annuity-due.
The diagrams below illustrate the payment patterns for unit annuities with four
annual payments.

Annuity-Immediate
payments
time

t

0

1

1

1

1

2

3

1

4

First payment made
at the end of
the first year (t=1)

Annuity-Due
payments

1

1

1

1

t

0

1

2

3

time

4

First payment made
at the beginning of
the first year (t=0)
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The preceding diagrams are called timelines. You will find them to be very
useful in visualizing payment patterns and solving annuity problems.

Geometric Series
To find the present value or future value of an annuity, we will need to use the
formula for the sum of a geometric series. Geometric series are very important
for Exam FM. Consider the geometric series with n terms where the first term
is 1 and the common ratio is r:
(2.1)

1 + r + r 2 + K + r n −1 =

1 − rn rn − 1
=
, r ≠1
1−r
r −1

In order for this equality to be valid, n must be an integer. The geometric series
is not properly defined if n is not an integer.
If r < 1 , n can be infinite, because then the infinite geometric series converges
(since r ∞ = 0 ):
(2.2)

1 + r + r2 + K =
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Section 2.2
Annuity-Immediate Calculations
The present value of an annuity-immediate with n annual payments of 1,
calculated at an annual effective interest rate i , is denoted by an i , or we can
simply write an if the value of the interest rate is clear and does not need to be
specified. When referring to an , we say “a-angle-n.” The basic formula for an i
is so important that we will derive it here:
The present value of an n-year unit annuity-immediate is the sum of the
individual present values of the n payments of 1:

payments
time

t

0

1

1

L

1

1

2

L

n

As of t=0, the value of the first payment is v :

2

As of t=0, the value of the second payment is v :

L
n

As of t=0, the value of the nth payment is v :

Total present value = a n = v + v 2 + K + v n

(
)
(1 − v ) = v (1 − v )
=v
= v 1 + v + K + v n −1
n

=v

(

1−v
1 − vn
iv

n

) = 1−v

d
n

i

Thus we obtain the important formula:
(2.3)
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Example (2.4)
If i = 0.05 and n = 10:
10
 1 
1−

 1.05  = 7.7217
a10 5% =
0.05

Calculator Note
Not surprisingly, your calculator’s TVM worksheet can be used to calculate
the value of the annuity in Example (2.4). The PMT key is used for the
periodic payment of 1. The following entries give the result PV = – 7.7217:
10
5
1
0
CPT

N
I/Y
PMT
FV
PV

Note the sign convention. Positive amounts represent money paid to you, and
negative amounts represent cash that you must pay out. If the applicable
interest rate is 5%, you would need to pay 7.7217 now (i.e., you would have a
cash flow of –7.7217) to receive 10 subsequent payments of +1.
Note: If your calculator displays an answer of -8.1078, it is in “BGN” mode.
See the Calculator Note on page M2-10 to learn how to correct this problem.
On exams most students use the calculator’s TVM functions instead of formulas
whenever possible, because it saves time. You must still know the formulas,
since formula knowledge is required to solve the problems, and some questions
are designed so that the calculator cannot be used directly.

Exercise (2.5)
Find the value of a 20 0.05 using the annuity formula, and then check it
using your calculator’s TVM functions.
Answer: 12.4622

The future value of the unit annuity-immediate with n payments is denoted by
sn , which is pronounced “s-angle-n.” It is the sum of the future values (as of
time n) of the n individual payments of 1.

sn = (1 + i) n −1 + (1 + i) n −2 + .... + (1 + i) + 1
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Note that since an annuity-immediate has end-of-year payments, the first
payment (made at time 1) earns interest for n − 1 periods (from time 1 to time
n), and the last payment of 1 (made at time n) earns no interest. It is important
to understand that these are the same n payments that had a present value of
an at time 0. What is different is the valuation date. The present value of these
payments ( an ) has a valuation date of time 0. The future value of these same
payments ( s n ) has a valuation date of time n.

payments
time

t

0

1

1

L

1

2

L

1

n

(

)

(

)

As of t=n, the value of the first payment is 1 + i

As of t=n, the value of the second payment is 1 + i

n −1

n −2

:

:

L
As of t=n, the value of the nth payment is 1:

We could find the sum of the geometric series to develop a formula for s n , but
we can also find the value of s n quickly based on the formula for an . Since an
is the value of this series of n payments as of time 0, and s n is the value of the
same payments n periods later (at time n), we multiply an by (1 + i ) to find s n :
n

(2.6)

sn i = ( 1 + i ) ⋅ a n = ( 1 + i ) ⋅
n

n

1 − v n (1 + i) n − 1
=
i
i

You can use this approach to avoid excessive memorization.
If you know the formula for an , you can easily write the formula for s n .

Example (2.7)
If i = 5% and n = 10,
s10 5% = 1.05 10 ⋅ a10 5% = 1.05 10 × 7.7217 = 12.5779, or:
s10 5% =

1.05 10 − 1
= 12.5779
0.05

This can also be done on the financial calculator:
Set N = 10, I/Y = 5, PMT = 1, and CPT FV.
Naturally, PMT and FV have opposite signs.
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Exercise (2.8)
Based on an annual effective interest rate of 6%, find a15 and s 15 .
Answers:

a 15 = 9.712 , s15 = 23.276

To get another very useful relationship, divide both sides of Formula (2.6) by

(1 + i )

n

:

an = v n ⋅ s n

(2.9)

The relationships between an and s n in (2.6) and (2.9) are intuitive. They
represent the value of n payments at time 0 and at time n, respectively, so their
values differ by a factor of (1 + i ) , or by (1 + i )
n

−n

= vn .

Annuities with Level Payments Other Than 1
Note that the present value or future value of any annuity-immediate with level
payments can be found using an and s n . If an annuity-immediate has payments
of amount P, its present value and future value are given by:

PV = P ⋅ an
FV = P ⋅ s n
Example (2.10)
Find the present value of an annuity-immediate with 10 annual
payments of 100, based on an annual effective interest rate of 5%:
100 ⋅ a10

 1 
1−

 1.05 
= 100 ⋅
0.05

10

= 100 × 7.7217 = 772.17

Exercise (2.11)
Find the present value of an annuity-immediate with 30 annual payments
of 500, based on an annual effective interest rate of 8%.
Answer: 5,628.89
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Section 2.3
Perpetuities
A perpetuity is an annuity with payments that continue forever. The present
value of a perpetuity-immediate that pays 1 per period is denoted by a∞ .

a∞ = v + v 2 + v 3 + K

(2.12)

If we write a∞ as a limit, we obtain the following formula:

(2.13)

1 −v n 1
=
n →∞
i
i

a∞ = lim an = lim
n →∞

Example (2.14)
If i = 5%:

a∞ =

1
= 20
0.05

Exercise (2.15)
Find the present value of a unit perpetuity-immediate with i = 8% .
Answer: 12.50

You can think of a perpetuity as a “savings account” that pays out the interest
earned each year but never pays out any of the principal. Using that concept,
we can develop Formula (2.13) using simple algebra. Let X be the value of a
perpetuity-immediate. At t=0, the “savings account” has a balance of X. At t=1,
the balance is X ⋅ (1 + i ) = X + X ⋅ i , and the interest ( X ⋅ i ) is paid out, leaving a
balance of X in the account. Each year, immediately after the interest payment
of ( X ⋅ i ) , the balance will again be X. (This is logical, because there are always
an infinite number of future payments, and X was defined as the value of the
perpetuity, i.e., the value of an infinite number of future payments.) If the
perpetuity’s annual payment amount is 1, then we have:

X ⋅i =1

→

X =1/ i

Thus X, the value of our unit perpetuity-immediate, has the same value we
found for a ∞ in Formula (2.13).
Note: We cannot write a formula for the future value of a perpetuity (which
would be written s ∞ ). That would be the perpetuity’s value as of the date of its
last payment, and there is no “last payment” under a perpetuity.
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Section 2.4
Annuity-Due Calculations
&&n , which is
The present value of an n-period unit annuity-due is denoted by a
pronounced “a-double-dot-angle-n.”
payments

1

1

L

1

time

0

1

L

n–1

t

n

As of t=0, the value of the first payment is 1:

As of t=0, the value of the second payment is v :

L
As of t=0, the value of the nth payment (which occurs at t=n-1) is v

n −1

:

Summing the present values of these payments, we have:
1 −v n 1−v n
&&n = 1 + v + K + v n −1 =
a
=
d
1 −v
Thus:

(2.16)

&&n =
a

1 −v n
d

Another way to develop this formula is to recognize that each of the n payments
in this annuity-due occurs one period earlier than the corresponding payment
&&n has a value that is larger
under an n-year annuity-immediate. As a result, a
than an by a factor of (1+i):

(2.17)

&&n = (1 + i ) ⋅ an = (1 + i ) ⋅
a

1−v n
1 −v n
1 −v n
=
=
i
i / (1 + i )
d

&&n is easy to remember, since it is obtained by taking the
The formula for a
equation for an and replacing the i in the denominator by d. As a memory aid,
you might use the fact that the words “immediate” and “due” begin with the
letters “i” and “d,” and that i and d are their respective denominators. This
pattern of denominators also applies to formulas for the future value of an
annuity-due and the present value of a perpetuity-due:
(2.18)

s&&n =

(2.19)
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We can develop some useful relationships between annuities-immediate and
annuities-due by general reasoning. For example, an n-period annuity-due
consists of the same payments as an (n-1)-period annuity-immediate plus a
payment of 1 at time 0, so we can write:

(2.20)

&& n = a n −1 + 1
a

For a perpetuity, this becomes:

(2.21)

&& ∞ = a ∞ + 1
a

The future value of an n-period annuity-immediate is equal to the future value
of an (n-1)-period annuity-due plus an nth payment at time n (the valuation date):

(2.22)

sn = s&&n −1 + 1

Example(2.23)

&&n directly, and check your answer
Given i = 5% and n = 10, find a
&&n and a n .
using the relationship between a
Solution.

&&10
a

 1 
1−
n
1− v
1.05 

=
=
d
 0.05 
 1.05 



10

= 8.1078

Check:
From Example (2.4), a10 = 7.7217
&&10 = (1 + i ) ⋅ a10 = 1.05(7.7217) = 8.1078
a

&&10 :
Formula (2.20) provides another way to find a

&&10 = a 9 + 1 =
a

1 − 1.05 −9
+ 1 = 7.1078 + 1 = 8.1078
0.05

Exercise (2.24)

&&15 and s&&15 based on an annual effective interest rate of 6%..
Calculate a
Answers:
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Calculator Note
Annuity-due calculations are done with the calculator set to the BGN (begin)
mode to reflect that payments are made at the beginning of the period. The
letters BGN appear above the PMT key. If you key in 2ND BGN you will see
either BGN or END in the calculator’s display. You can then change to the
other mode by pressing 2ND and SET (the 2nd function of the ENTER key).
Remember that you can leave the BGN/END menu by pressing the CE|C key
or by pressing 2ND QUIT.
You can tell whether your calculator is set to BGN or END mode by looking at
the upper right of the screen. If “BGN” appears in small letters at the upper
right, the calculator is in BGN (annuity-due) mode. If BGN does not appear on
the screen, it is in END (annuity-immediate) mode.
It is very important on actuarial exams to be aware of your calculator’s
BGN/END mode. The majority of problems require END mode. If you do a
BGN mode problem and do not reset the calculator to END mode, you will
have trouble on subsequent problems. Many students avoid this difficulty by
keeping their calculators set to END at all times. When they need to find the
value of an annuity-due, they calculate the value of the corresponding
annuity-immediate, and then multiply by (1+i).

Example(2.25)
&&10 5% using the BA II Plus’s TVM worksheet.
Calculate a

Solution.
Set the calculator to BGN mode. Set N = 10, I/Y = 5, PMT = -1, and
FV = 0. CPT PV = 8.1078.
We could have entered the same values with the calculator in END
mode. In that case, we would CPT PV = 7.7217, the value of an
annuity-immediate. Then multiply by 1.05 to get the answer:
&&10 = 8.1078
a

Exercise (2.26)
&&15 6% using the calculator’s TVM worksheet.
Calculate a
Answer: 10.295

Reminder: Be sure to return your calculator to END mode.
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